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Shell Structure Evolution and Effective eoco

In-Medium NN Interaction o

1. Shell model theory and effective
interactions (30/09/2009)

1. Monopole term of the effective

interaction and evolution of the shell
structure (01/10/2009)



Complexity and regularity in nuclear spectra

Single-particle motion
near Fermi surface

Pairing phenomena

Shape multipole
vibrations

Rotation of deformed
nuclei
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General non-relativistic many-body problem oo

H = ZAJ +ZALW(k,I)+ ZA:W(k,I,m)Jr...

k=1 k<l=1 k<l<m=1

k = i, k:Tk} P = —inV,

May be formally reduced as follows :

A 2
H=3 P STum)+ 3 Wik, - ZU(k)
1 em, o k<l=1
\ ;o J
v
H(O) Vs
Mean-field theories: search for Shell-model type theories:
the 'best’ mean-field potential schematic average potential
starting from a given two-body + residual interaction

interaction + correlations
(lectures by M. Grasso, Th.Duguet)



Self-consistent mean-field potential 1T
(Hartree-Fock method) o

We solve self-consistently HF equations, starting from V(r,r') and
an initial guess for the wave function :

{-%A +U, (F)}q)a (F)* [ Vs (F.F) 0, () dF" = 50, (F)
/

U (F)= 3 [0] (F)V (7,700, (F)dF

Exchange (Fock) term

Direct (Hartree) term

N
Ue. (FF)= 20 (F)V (7. 7)o, (F)dF

U, (F):Ip(ﬁ’)v (f-"':.’r)d':;r j=1
p(F):= ZJ o, (F)| e r

V(F,F')oc S(F - F') j

U, (F)OC P(F)




Shell-model approach ooo

We start with a many-body Hamiltonian

A A
H=Y 2 4 YWk, where k=§,6,.%) B, =-itV,
o1 2m, S

—»

and intfroduce a mean-field U(k) :

H= Z( P +U(k))+ > W(k,I)- ZU(k)

A
k=1 ka k<l=1

H© _ ih(k) Residual interaction

- ) — = = Single-particle energy
h (k )(I) o (rk ) = Lo 0 o (r.k ) —> {8 o ¢ o (r‘k )} Single-particle wave function
Spherical mean-field : ﬂ Construction of a basis :

a="4,1,j,.m,} @ (1,..., A)=\/% {6, (1), 00, (A)}




Particle in a spherically symmetric potential: EE:
wave function and quantum numbers b
hz
- aA(b(F)JF U(r)o(F) = &(F)
¢(F)=@Y(3,@) @ @
: : 2%, (8,9) =10+ ¥, (3,9)
-h—R" +h—l(|+1)R +U R - ¢R N m, m,
o ) == RN S8 ¥, (5.6) = m% (5.9

Ru (1), (5.0) n is the radial guantum number
P P (number of zeros)

(I)nlm, (F) -

Transformation with respect to the Parity operation P (F — —7)

Phuimy (F) =P (Ryy (M) Vi (8,9)) = Ry (M)PY,y, (8,0) = Ry (M) (-1) %, (8,9) = (=1) by (F)



° ° ° ° ° ° ...
Particle with spin in a spherically-symmetric eee
potential b

h° -
—mA¢(F)+ Ur)o(r)+1f,(r)l -s =eo(r)
The total wave functions takes then a form :
(I)nljm (F) - R"'Jr'(r.) |iyl (SI(P)X X1/2 ]fnJ)
| J
|
Z (Iml %ms ‘\jmjylm, (8.0)%1/2m,
e M _
ZmR (r) om 12 R(r)+(U(r) +a,f, (r))R(r) = eR(r)

Normalization condition:

(I)nljm (F)r dr = T

0

R, (r)| dr =1

J

nlj
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Some examples of schematic potentials eces
o0
Above results can be obtained approximately using °
» Square-well potential + strong spin-orbit term
= Jy/2 (kr)
u(r) . s 10 (100)
S r d =2 (93)
/ ex.N=4
J 9 |-4 (755)
* Harmonic oscillator potential + orbital + spin-orbit term o P
U(r)=
vep2, 1+1/2 2
ur) 4 / —>(vr)ez Lpg (v3r?)
: ey = ho(2n+1+3/2)
: -, [1O ) = ho(N +3/2)
: 7\ (v =+ A
N : degenerate in n, | N=012,...,
1=0,12,....N

n=0,12,..,(N-1)/2



Harmonic oscillator with centrifugal and ooo
spin-orbit terms S

2.2

mwr® (T s
U(r)==—+a(l T)+p(I5) o
-6 dﬁ; ‘ G ggE + 148
" '3‘:‘:-1'—:”?(5:6) “."5:':""""“‘49 2902 4 136
M.Goppert-Mayer (1949) ‘ - ) ) A
H.Jensen, O.Haxel, H.E.Suess (1949) i Y RN s e T R
NeS ool 1l=3) _::T__gjﬂ; - 108
| e nesy .- 10Tebee 99
Nuclei near stability line (most known | n. e e . tdas
at that time nuclei) Ty R 08
N=4 _.--7 ___d(l=2) 8 adiz . g
T o) - 6 2ds2 56
o Tl 10 dgee
. 10112
> MClgIC numbers oeden e e ot a8
: " T ey TR 3
> Spin and parities of the ground . T 8 ofm _
states of most odd-A nuclei o SRR T
. | N22 o emm-TTTad=2) ) e
> Most of the magnetic moments of 6 _ods: , 1,
g.s. of odd-A nuclei Ay
| F ________ pd=n) ..ot O
. . . ‘ - e 4 0Pz _ &
Harmonic  oscillator  potential b
possesses many symmetries which !
. . 0 st{=0) 2 S 12
make it a preferable choice for e EE — e

The bGSis for‘ SOIUTion Of The A- harmonic oscillator l:N,N—2,.. _?_s. Nj=2j»‘| nlj ﬂ:(-1)z ):N).
body pr'oblem @) (b) © @  © N (g
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Isospin $se

0] 1
V_~ V.. &V _ _
T vV TV T (1], Vv (Oj

We introduce isospin operators :

7 (0 1 (0 i (1 o0
20 Tl o]l o) T o -1

Single-particle wave functions for a proton and a neutron can be expressed as

- (O .

(I)n(r): (I)(r') 1 :(I)(r')ef:uz,m*:-uz
_ (1 _

¢, (r): (I)(r') 0 :(I)(r)ef:uz,mfnl/z

Or, explicitly for a nucleon wave function we have:

nIJ ( )[y (O,q))x X1/2](J)

(I)nljm,'l'mf (F) -



. cps . X
Isospin and classification of nuclear states oo
Isospin operators can be used as angular momentum to construct isospin
states for many nucleons A A A A A A

T=>1t T,=>1,,
i=1 i=1

If Hamiltonian is charge-independent: [ﬁf} =0
then the nuclear states of a nucleus with N neutrons and Z protons (A=N+Z)
can be characterized by certain values of T and T,

1 1 A
T = — - - - sy =~ ——— ~ ~
. =5(N-2), Z(N-2)sT=2 i
2 2 2 2 2
1 1 1
Realistic situation : Mz = M. Vogoms 0
TZ=—2 TZ=—1 TZ: 0 TZ=+1 TZ:+2

H=H®+H® 4 H®
(N=2)

E(T.T,)=a(T)+b(T)T, + c(T)T?

Isobaric multiplet mass equation (IMME) E.Wigner




Two-particle wave function §§:
Normalized, antisymmetrized and coupled to a certain J two-particle
wave function have a form :
®Shrm, (1:2) = ([0 (7)% 00 ()] + (17 [0 (R) < 0 ()]
Oy, /\2(1+35,,)
where the two-nucleon isospin part can be expressed as o =, Jam, )

©11 =01/21/2 (1)91/2,1/2 (2)

©11=9/2.1/2 (1)91/2,71/2 (2)

©10 = 1/\/2[91/2,1/2 (1)01/2.1/2(2) +01/21/2(1) 0121/ (2)]
Opo = 1/\/2[91/2,1/2 (1)01/2,1/2(2) = 012, 1/2 (1) 01212 (2)]

Important remark : incase Ja =y =J  J+Tisalwaysodd!

(v0d,,,)*:J=0,2,4
(=0d,,,v0d,,,): T =0,2,4 (T=1); J=135(T=0)



Many-particle wave function oo

1. Coefficients of fractional parentage (cfp's) allow to construct
many-particle wave function totally antisymmetric and coupled
to a certain J (T) value

1)) *n ; M — *n-1 & JAW *n ) *n-1 /; er . Macfarl ,
CWEIM) = ST [ I W, e

n-particle one-particle CFP (n-1)-particle
wave function wave function

2. M-scheme (alternative method to construct normalized, antisymmetric
states of A fermions)

Loyl

(I)OH (
(I)az (

vp Tt 1

) 0o, (B) o 0, ()
) b, (B) o b, (F)

NR TN
-

(097} A

1 A
®(1,2,...,A) = —— M=S"m
VATl i # ) 2m
(I)(XA (r.l) (I)(XA (r.Z) cc ¢GA (r.A)

and then project on good J (T)



Solution of a many-body Schrddinger equation:
diagonalization of the residual interaction

» Construct a basis in the valence space (coupled J-states or in M-scheme)

@5 = {5 G

J k

» The eigenfunction is then expanded in terms of basis functions :

d
_ I
Vi, = Z Cok P 7k
k-1

> Solve eigenvalue equation

Hll
& H
Aw, =E ¥, = g

Hy
H=H® +V

H, = <cD, ‘H‘®k> =EP5, + V., E®=ng, +ng, +...

Hl 2
HZ 2

H,,

. H,,

(d is the number of basis functions, or basis dimension)

H,

. Hy




Basis dimension and choice of the model space | oo

Basis dimension grows quickly with the number of single-particle

states involved and a number of nucleons

o (NN N N |
“n, ) (n. ) n (N, =n)! n (N, —n)!

This is why in conventional shell model calculations are done for valence
hucleons beyond a closed shell core typically in one (two) oscillator shells

} free orbirtals

} valence space

T

€1
5
} inert core -
(doubly-magic g
nucleus) E
O
20\ (20
. (60 - _ _ 10
dim( Zn)~(10] (10] 3.4x10

N=Z nuclei in pf-shell

60
56, Zn 64

N1 Ge

20 22 24 26 28 30 32 34 36 38 40



Practical shell model 180 in sd-space (0* states)
Input: &, (aB|V|y8). . USD interaction
e(0d,,,)=BE| "0, |- BE[ 0, |=-3.948MeV
od, . e(1s,,)=¢(0d,, )+ E, (*"O;1/2]) = -3.165 MeV
e 1 e(0d,,,)=¢(0d,,)+E, (70;3/2;)=1.647 MeV
- Od15//22
150 Basis @)t [(0dsa)'),, i |15 )'), i [(0d)°),,

H,, =2¢(0d,,, )+ <(Od5/2 )2 V](0ds,. )2>

Saamay o M= (04 ) V(s ) =-0.1325 MeV
_ 2 2\ _
H,, =2¢(ls,,, )+ <(152,2)2 V|(Ls,,, ) >01 H,; = <(151/2) V{(0d;,,) >01 =-1.0835 MeV
. ) 2 2
2125 MeV H,, = <(Od5,2) V|(0ds,, ) >01 -_3.186 MeV
Hys =26 (0d,, )+ ((0ds0 )*|V](0dy0)° )
-2.185 MeV
HFE Hz Hs 03+ 14.1
H, H,-E H, [=0 |:> )
Hs "is "§3_E O2+ 4.3
0; 0.0



Shell-model codes

M-scheme codes

Max

Antoine (Caurier)

Mshell (Mizusaki)

Redstick (Ormand, Johnson)
Vecsse (Sebe)

Oxbash (Brown et al) ->(JT)
Oslo code (Engeland)

basis dimensions : ~1010

H
H]

1)=E,|1)+E,|2)
2)=E, |1)+E,|2)+E,|3)

|

E11 Elzj ::> E21 E22
E21 Ezz

00
00
o0
O
Coupled codes (J-scheme)
Nathan (Caurier, Nowacki)
DUPSM (Novoselsky, Vallieres)
Ritsschil (Zwarts)
Exact diagonalization
by Lanczos algorithm
Ex, = (1A[1), B [2) = (R -E)J2)
E,,=E; Ey= <2 I:I 2>'
E,s[3)=(H -E, )|2)- E 1)
E,, E, 0 0
Convergence
= Ba By By 0 =) of the lowest
0 E 32 E 33 E 34 eigensTaTes
0
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Effective operators oo
Hilbert space — Model space
VNN = Aeff
HY =EY = H, " = (HO+V, )¥" =EW"

<w \é\w> N <W”‘ ‘ée”‘w>

Practical approaches to get TBME: <0‘B Vs ‘YS > T

i.  Schematic interaction (parameterized interaction potential
between two nucleons in a nuclear medium)

i.  Empirical effective interaction (fit of the TBME to energy levels
of nuclei to be described within the chosen model space)

i.  Microscopic interaction (derived from a bare NN-force, see
scheme above)




(i) Schematic (parameterized) interaction 0eso

Some examples :
V(1,2) =-V,e ™ /ur Yukawa potential
V(1,2)=-V,5(r -13)

5-force
V(1,2) = V5 (F — 5 ) (1 + 05, - 5,)
V(1,2) = V(1 —12)8(n —R) Surface s-interaction (SDI)
V(12)=1Q - Q o
- nteracti
Q, = ',,2y2Fl Q.) Quadrupole-quadrupole interaction

A few parameters (interaction strengths) are fitted to reproduce
energy levels in a certain region of (a few )neighboring nuclei
= local description only !



Example 1: 210Pb (vOhg,,)? EE;:

1,2)=-V,6(F -7, ) Voar 1.2)=-6S, -S_

del‘ra
(creates and annihilates a J=0
pair of fermions in the j-shell
.5 | Experiment Delta Pairing
8" g* Ohs,
6" 6! N=126
4" 4 2%,47,67,8
1r 2+
/=82
) [ J
T \Y%
0 r 0" 0" 0"
210
Pb,,g

< 4\ 12)‘a2>J_O’T_l:—]/2(2ja+1)G




Example 2: 2ONe (Z=10,N=10) and SU(3) model

of Elliott
H—ZA:_i+lmmzr‘2 - 1Q - Q
N k=1_2m 2 K .

J.P.Elliott (1958)

Rotational classification of
nuclear states (mixing of many
spherical configurations)

Q is an algebraic quadrupole operator

Q- 4—;‘[
Lu:Z[rk

k

k

ka]ulh

Z rk2Y2u

Experiment SU(3)
20 (80) (42)
76+
15 | 5"
~ gt 4 74+
U] — 8 N 3,
= — 2 — 2
~10 ¢t —a0"
] —6" .
e —6
5t —-
at 2 4t
72+ 2+
O r —o0" zoNe — 0"
A
2 2 2 2
(Qr)/b +b ZkaZH(Qp)/h J
k
' SU(3) generators
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LX) ° ° ° . . .
(ii) Empirical V¢ (least-square-fit method) oo
[
All two-body matrix elements (TBME) between valence nucleons
in a model space are considered as free parameters.
Initial Set-up Eigenvalues Convergence ? |yoq
interaction » Hamiltonian » Eigenvectors Nt )2 Stop
parameters matrix E™, v, Z;‘(E -E7)
<OLB veff YS >JT no
. New. J New linear Variation of
interaction < system arameters
parameters 4 P
Op-shell: “He -0 15 TBME Cohen, Kurath (1965)
1s0d-shell: 160 - 4Ca 63 TBME Brown, Wildenthal, USD (1988) Linear
1pOf-shell: 49Ca - 80Zr 195 TBME Tokyo-MSU, GXPF1 (2002,2004) combination

method



(XY
(iii) Microscopic effective interaction oo
O
A bare NN-potential - CD-Bonn, Nijmegen IT, AV18, chiral N3LO
potential - requires regularization and modification to be applied for
many-nucleon systems in a restricted model space.
N h Conventional procedure
ew approac from '60s to nowadays
Bare NN f
are orce Vlow_k <:| VNN
EFFf. In-medium :
for calculations -matrix V
in a model space veff — £y

expansion of effective
interaction in terms of the
nuclear reaction matrix G

renormalization group
technique to Vi, ina
momentum space

S. Bogner et al, Phys. Rep. 386 (2003) M. Hjorth-Jensen et al,
lecture by Th. Duguet Phys.Rep.261 (1995)



Towards microscopic effective shell-model coo
. . .« . o0
interaction: general principles (T) o
H=H®O® v with the unperturbed (HO) Hamiltonian HOo, =EQ0,
unperturbed wave functions (basis)
We would like to solve the Schrddinger equation for H to find a set of
true wave functions
l—/i‘P=(|—?(0)+\7>P=E‘P /T:iakcpk
true wave functions !
A A A M
Hee ¥ " :(H(O)+veff)¥M :PPM/"P _,;:Aa"q)k
mode/ wave functions
4 b= o, )0, | PrQ =t A= g H]-0
keM ,5‘2 _ 'SIQAZ - Q R
G-Tlodod g s v =Py
P e PQ=QP =0
A A A QA A
Vit =V +V off
Y S T : E-_H©
QA((ﬁ—E};¥—O C/i A \7 \IJM:V\P
- Y = \PM + —AV‘P eff
E-H®




Towards microscopic effective shell-model
intferaction from: general principles (II) o

Separation between the core and valence nucleons :
E=E® +AE, +E® + AE
| ] 1 ]

[ I
core energy  unperturbed enerqy of
valence nucleons

Brandow (1967)

A

e

Vess

v

<>

+

+

<>

<>

Q

E\EO) _ H\SO)

A

Q

E\SO) _ H\SO)

A

eff

A

V+\7

A

Q

A

A

Q

E\EO) _ H‘fO)

E\fO) _ H\EO)

A

Old two-step approach to solve this equation :

Linked, folded diagrams only

1. Computation of the reaction matrix, or G-matrix (Brueckner theory)

6(w)=V +V

A
Q2p

o - A

— M-

2. Expansion of the V4 in terms of the G-matrix

N

"

e

£

(Y

(Y

+

+

6

(2N

QAr

E\fO) _ H\EO)

A

QI

E\SO) . H\fO)

A

eff

<

6+6

A

QI

A

o)

Q!

E\SO) _ H\fO)

E\fO) _ H\EO)

A

Lots of complications and
problems with evaluating
of this expansion...

Viow-k May provide a new
approach to follow...



.. still phenomenological adjustment required 0oco

Microscopic effective 2-body interactions (either G-matrix or V,,,.) o
fail o reproduce nuclear properties when the number of valence
particles increases: the monopole part of the interaction if deficient
(lack of 3-body forces)

= phenomenological adjustment to data

E.Caurier et al, Rev. Mod. Phys. 77 (2005) 427

Monopole part of the interaction adjusted (KB3, KB3G for pf-shell)

A.Poves, A.P.Zuker, Phys. Rep. 70 (1981)
G. Martinez-Pinedo et al, Phys. Rev. €55 (1997)

Least-square fit of all the m.e. - by a linear-combination method
(6XPF1 for pf-shell)

B.A.Brown, W.A Richter, Phys. Rev. C74 (2006)
M. Honma et al, Phys. Rev. €65 (2002); idem 69 (2004)

If the model space contains all important degrees of freedom, the
shell model is extremely powerful !



versus G-matrix

[ B

[ ]

, Eibley )

1 "{]

7 matrix

=1 ]

Y bk, it

| gl

i
ol
&

E(MeV) *

=]

iy matrix

From L.Coraggio, A.Covello et al, Prog. Part. Nucl. Phys. 62 (2009) 135
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Microscopic effective interaction (6-matrix 0eco
. o000
based) before and after adjustment: “°Ca oo
91 ]
Ak o) on 7] 4
3 = RN e
nr b ]
—_— 3 [ gT 2 B 3
-~ | ]
o B |
Z " _ ]
[1] 2 E 17 1”2 v 12
b ik
0 E—3-'1' 3 30 3T — 0
/KB KB’ KB3 Expt.
- - Monopole + minor multipole
/bilgggglsac ;’me%;’;. ix adjusted modifications
Kuo, Brown (1965) Poves, Zuker (1981) Figure from E. Caurier et al,

Rev. Mod. Phys. 77 (2005) 427



48Cp in pf-shell

167 16268
16" 15727

16* 13885

16~ 13306 5674
5450

3281

147 10594

2135

J<10: collective rotation

J=10-12 : backbending phenomenon
(competition between rotation and
alignment of Of,,, particles)

J>12 : spherical states

model space

KB3 (semi-empirical interaction

in p7-shell model space)
Strasbourg-Madrid

For J<10:

E; ~J(J +1)
Q. - (T +1)(2T + 3)
© " 3KZ-J(J +1)

QSPGC (J)l K i 1

BE2:T > J-2)-= %eZ\(JK 20 | T-2.k)Q?
T

& Exp

B SM-KBE3

A CHFE

¥ SM-GOGMNY

Figures from E.Caurier et al, Rev. Mod. Phys. 77 (2005) 427



Semi-empirical (microscopic, adjusted)

effective interactions

51
Mn,,
gk 26
e rir
7 E
}3}- ii‘ﬁ
E -
ol
5 E
=
197
E4 3 v
=1 T Tl
15 e
1t 137 N
2 [ 1
= A BT T g
1 :.--‘
'1 oz -
i~ T
0o+ (g -3
Exp. KBIG

Poves et al (2001)

E.Caurier et al, Rev. Mod. Phys. 77 (2005) 427



Ab-initio No-Core Shell Model -

Shell model calculations for all A nucleons in NiQ space.

H,w 1,..,A)=E¥(1,..,A) Navratil, Barrett and collaborators
——— A (1996,1998,2000,..)

V+¢ from unitary transformation method (exact decoupling of m.e.)

Okubo (1954), Da Providencia, Shakin (1964)
Suzuki, Lee (1980), Suzuki, Okamoto (1983)

I hQ 20 12
2 2 hQ=15 MeV 0" 0
I hQ 18 Lis :}+ i lC s Il |
I e 161 @0 — = L
171 il
I hQ e £0 _ 00— 170
N1epro R
I hQ @ r@2Ho
5, 10 (0°)0 CD-B
N 8roo0_ C -bonn
6'_
~ gL 70— 30
. -1
H = XH,X o
~ ~ 0_0*(}_ .. .. - 0" 0
QHP = O, Heff = PHP Exp 410 21Q 0mQ2

From P. Navratil, J.Vary, B.Barrett, Phys. Rev. Lett.84 (2000)



Three-body force

E [MeV]
N W A O 9 N ®

.3t 0__

in no-core approach

AVSE'
AVE'
+TM
- H(=15 MeV
V3eff Vet  V2eff
Exp 4nQ 4nQ) 6HQ

201
4* 0
_3*0

s R o 1

-2 0

/2+ 0
~1t 0

-0" 1
-3 0

~17 0

Figures taken from: E.Ormand, P. Navrdtil
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Summary and Conclusions T

= Shell model represent a powerful theoretical model to describe
low-energy nuclear spectroscopy

* Having got Ej;,, W;, one can calculate matrix elements of
operators to compare with experiment (spectroscopic factors,
static and transition electromagnetic moments - Q, u, B(E2), ...,
weak decays - B, BB, lifetimes, etc)

= There is a clear link to the NN interaction, although more
developments in the effective interaction theory is required

The shell model as unified view of nuclear structure
E.Caurier et al, Rev. Mod. Phys. 77 (2005) 427
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