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Introduction

The knowledge of the density dependence of the nuclear
symmetry energy is critical in nuclear physics and astrophysics for
understanding:

At low density

neutron skin, pigmy resonance - nuclear structure at the drip line
competition between mechanisms - neutron distillation in
fragmentation
neutron star formation and crust

At high density

neutron star mass-radius relation
transition to a deconfined phase
formation of black holes
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Experimental constraints ?

First determination, at T=0 and ρ = ρ0, from fits of binding
energies with LD mass formula, with a symmetry term:

Esym(N,Z ) = Csym(A) (N−Z )2

A

Bulk term only (Bethe-Weizsacker)

Csym(A) = Csym ≈ 32 MeV

Bulk + surface terms (Myers &Swiatecki, Moller&Nix)

Csym(A) = cv + csA−1/3

Accepted values of Csym : 28-32 MeV
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New Experimental constraints

How to explore densities different from ρ0? Heavy-ion collisions
provide the only means to compress/expand nuclear matter in a
terrestrial laboratory. (N.B. T ↗)

Comparison of some isospin dependent variables measured in
Heavy Ion collisions with the results of

transport codes: follow dynamics of a nucleus-nucleus
collision with time.
statistical frameworks: No dynamics. Start at a “freeze-out”
equilibrated stage, when nuclear interaction becomes
negligible.

In both cases the excited (hot) fragments must be de-excited
before comparing with experiment.
reaction time ∼ 10−22 − 10−21 s; detection time ∼ 10−8 − 10−7 s
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Some observables sensitive to Esym.

Subsaturation densities
Competition of reaction mechanisms : fusion vs deep inelastic
isospin diffusion
N/Z of fast nucleon emission
isospin distillation : isospin content of light fragments
Neck fragmentation at Fermi energies
neutron skin

Suprasaturation densities
n, p collective flows
Meson production
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Some observables sensitive to Esym.

Subsaturation densities
Competition of reaction mechanisms : fusion vs deep inelastic
isospin diffusion
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The statistical ensembles

Statistical ensembles:
microcanonical: fixed total energy and particle number.
Appropriate for isolated systems like nuclei. ex. MMM
(Raduta), SMM(s) (Bondorf, Botvina and other variants)
canonical: Fixed number of nucleons and T, can exchange E
with a reservoir. Reasonable approximation for A ≥200 and
T ≥ 6 MeV.
grandcanonical: the system can exchange energy and
particles with a reservoir. Only average values are fixed.
Governed by T. Meaningful for nuclei at large E* when only
mean values are considered.
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Iso(tope)scaling
Isotopic distributions

Consider two systems (1) and (2), with different masses
(A(2) > A(1)). Look at the yield Y (N,Z ) of nuclei produced in
both systems.

Conditions for isoscaling in nuclear reactions

M. B. Tsang,1 W. A. Friedman,2 C. K. Gelbke,1 W. G. Lynch,1 G. Verde,1 and H. S. Xu1
1National Superconducting Cyclotron Laboratory and Department of Physics and Astronomy, Michigan State University,

East Lansing, Michigan 48824
2Department of Physics, University of Wisconsin, Madison, Wisconsin 53706

~Received 4 June 2001; published 4 September 2001!

Isoscaling, where ratios of isotopes emitted from two reactions exhibit an exponential dependence on the
neutron and proton number of the isotope, has been observed over a variety of reactions including evaporation,
strongly damped binary collision, and multifragmentation. The conditions for isoscaling to occur as well as the
conditions when isoscaling fails are investigated.

DOI: 10.1103/PhysRevC.64.041603 PACS number~s!: 25.70.Pq, 24.10.Pa, 25.70.Gh, 25.70.Mn

With the availability of rare isotope beams as well as de-
tection systems that can resolve the masses and charges of
the detected particles, isotope yields become an important
observable for studying nuclear collisions of heavy ions
@1,2#. This additional freedom on isospin asymmetry allows
one to study the properties of bulk nuclear matter that are
affected by the nucleon composition of the nuclei such as the
isospin dependence of the liquid gas phase transition of
nuclear matter@3–5# and the asymmetry term@6–9# in the
nuclear equation of state. To minimize undesirable compli-
cations stemming from the sequential decays of primary un-
stable fragments, it has been proposed that isospin effects
can best be studied by comparing the same observables in
two similar reactions that differ mainly in isospin asymmetry
@5,7,9#. If two reactions, 1 and 2, have the same temperature
but different isospin asymmetry, for example, the ratios of a
specific isotope yield with neutron and proton numberN and
Z obtained from system 2 and system 1 have been observed
to exhibit isoscaling, i.e., exponential dependence of the
form @5,7#

R21~N,Z!5Y2~N,Z!/Y1~N,Z!5C exp~Na1Zb!, ~1!

wherea andb are the scaling parameters andC is an overall
normalization constant. We adopt the convention that the
neutron and proton composition of reaction 2 be more
neutron-rich than that of reaction 1.

Figure 1 illustrates the isoscaling property observed with
the fragments produced in the central collisions of124Sn
1 124Sn and112Sn1 112Sn reactions@5#. TheN andZ depen-
dence of Eq.~1! becomes most apparent ifR21(N,Z) is plot-
ted versusN or Z on a semilogarithmic plot as shown in the
left panels. Isotopes of the same elements are plotted with
the same symbols. Odd-Z nuclei are represented by open
symbols while the even-Z nuclei are represented by closed
symbols. In the upper left panel, the isotopes for each ele-
ment Z appear to lie on one line and the resulting slopes
would then bea. The dashed~for odd-Z elements! and solid
~even-Z elements! lines are best fits to the data points with
one commona value for all the elements. In this case,a
50.361. Similarly, plottingR21(N,Z) againstZ for all iso-
tones would provide a common slopeb for eachN. This is
demonstrated in the lower left panel of Fig. 1. The best fits
~dashed and solid lines! yield a value ofb520.417. The

positive ~negative! slopes of the lines in the top~bottom!
panel arise from the fact that more neutron-rich~proton-rich!
nuclei are produced in the more neutron-rich~proton-rich!
system, which represent the values in the numerators~de-
nominators! of the ratios in Eq.~1!.

Alternatively, the data in the left panels can be displayed
compactly as a function of one variable, eitherN or Z, by
removing the dependence of the other variable using the
scaled isotope or isotone functions@7#:

S~N!5R21~N,Z!exp~2Zb!. ~2!

S~Z!5R21~N,Z!exp~2Na!. ~3!

For the best fit value ofb(520.417), S(N) for all ele-
ments lies on a single line on a semilogarithmic plot as a
function of N as shown in the upper right panel of Fig. 1.
Alternatively, S(Z) of all isotones lies on a single line on a

FIG. 1. Nuclei yield ratios are plotted as a function ofN ~top
panels! and Z ~bottom panels! for central 124Sn1 124Sn and112Sn
1 112Sn collisions atE/A550 MeV. The lines in the upper left
panel correspond to best fits of different elements with one common
slope. Similarly, in the bottom left panel, the lines correspond to fits
of the same isotones. In the top right panel, the scaled isotopic ratio,
S(N) @Eq. ~2!# is constructed usingb520.417. Similarly, in the
bottom right panel, the scaled isotone ratio,S(Z) defined in Eq.~3!,
is plotted as a function ofZ usinga50.361.
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isoscaling formulae
Y2(N,Z )
Y1(N,Z ) = C exp [αN + βZ ]

S(N) = Y2(N,Z )
Y1(N,Z ) exp−βZ

S(Z ) = Y2(N,Z )
Y1(N,Z ) exp−αN

Isoscaling

if statistical reaction
mechanisms and close T
in both systems.
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Isoscaling in (dynamical) transport codes ?
AMD: A. Ono et al., PRC 68 (2003) 051601

ences in the asymmetry of the two systems.1

Since both the isoscaling parametersa and the asymmetry
of the “liquid” sZ/Adliq

2 are sensitive to the symmetry term of
the effective force, we examine their relationship in Fig. 6
for the three reaction systems. A linear relation betweena
andsZ/Adliq

2 is observed and the slope for the relation depends
on the symmetry terms used. If the slopes are proportional to
the symmetry energy, as suggested by the consideration be-
low, the ratio ofCsGognyd/CsGogny-ASd<1.25 is consistent
with the idea that fragmentation occurs at low density,r,r0
where CsGognyd.CsGogny-ASd. From Fig. 1, this further
implies that fragments are formed whenr,0.08 fm−3.

The isoscaling evident in Figs. 4 and 5 is a nontrivial
result, difficult to explain outside of statistical consider-
ations. The linear relationship in Fig. 6 betweena and
sZ/Adliq

2 further strengthens the evidence that statistical laws

may be applicable to the isospin composition of fragments.
To explore this issue, we derive below how the isoscaling
parameter and the fragment isospin asymmetry should be
related, if equilibrium is assumed in an ensemble of frag-
ments similar to those found after the dynamical fragmenta-
tion stage in the AMD simulations.

When we consider a system in equilibrium, at the tem-
peratureT and pressureP, the number(or yield) of a nucleus
composed ofN neutrons andZ protons is given by

YisN, Zd = Y0i exph− fGnucsN, Zd − mniN − mpiZg/Tj, s3d

where the indexi specifies the reaction system, with the
total neutron and proton numbersNi

tot and Zi
tot, and

GnucsN, Zd stands for the internal Gibbs free energy of the
sN, Zd nucleus. The net Gibbs free energyGtot for the sys-
tem is related to the chemical potentialsmni and mpi by
Gtot=mniNi

tot+mpiZi
tot. In Eq. s3d and the following equa-

tions, we suppress thesT, Pd dependence for different
quantities includingGnuc, mni, andmpi. It is clear that iso-
scaling fEq. s1dg is satisfied for Eq.s3d, with a=smn2
−mn1d/T and b=smp2−mp1d/T, as long as the two systems
have common temperature and pressure.

For each givenZ, the dependence ofGnuc on N, assuming
gradual changes, takes the form

1If the values of the isoscaling parameters, obtained in the present
work, are scaled down by the ratio of the difference in isospin
asymmetryfDsN/Zd=1g between40Ca+40Ca and 60Ca+60Ca sys-
tems, to the difference in isospin between the experimental systems
[3] of 112Sn+112Sn and124Sn+124Sn, we obtain thea value of 0.43.
This is not far from the experimental value of Ref.[3], 0.36, and a
lot lower than the value of 1.07 obtained in the stochastic mean
field calculation of Ref.[5].

FIG. 3. Neutron and proton emission rates described by the left-
and right-hand scales, respectively, for the three reaction systems as
a function of time. The results of AMD simulations with the Gogny
and Gogny-AS forces are, respectively, represented by the solid and
dashed lines.

FIG. 4. The fragment yield ratio between the AMD simulations
of central60Ca+60Ca and40Ca+40Ca collisions at 35 MeV/nucleon,
at time t=300 fm/c. The top and bottom panels show, respectively,
the results obtained using the Gogny and Gogny-AS forces. The
extracted isoscaling parameters area=1.83±0.03 and b=
−2.31±0.04 for the Gogny force, anda=1.60±0.02 andb=
−2.06±0.03 for the Gogny-AS force.

ISOSPIN FRACTIONATION AND ISOSCALING IN… PHYSICAL REVIEW C 68, 051601(R) (2003)

RAPID COMMUNICATIONS

051601-3

E/A=35 MeV; t=300 fm/c (10−21s)

Isoscaling is observed as
soon as the isotopic
distributions are
Gaussians around mean
values. The coefficients
are determined by the
difference between mean
values divided by the
width (V. Baran et al. Phys. Rep.

410 (2005))
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Isoscaling and symmetry energy

In a grandcanonical framework, one has
Y (i)(A,Z ) = exp

(
1

T (i) (−G(N,Z ) + µ
(i)
N N + µ

(i)
Z Z )

)
Considering two systems at same T and P, isoscaling is satisfied
for this relation with: α = (µ

(2)
N − µ

(1)
N )/T

The free energy G(N,Z ) can be approximated by:

G(N,Z ) = a(Z ) + c0(Z )N + csym(Z )(N − Z )2/A

which gives for the most probable value for each system 〈N〉(Z ):

csym(Z )
{

1− 4[Z/〈A〉(Z )]2
}

= µ
(i)
N − a(Z )

Finally, subtracting (1) from (2): 4 csym(Z )
T = α

∆
(

Z2

〈A〉2

)
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Isoscaling and symmetry energy
of what ?

In the formalism, the symmetry energy is that of hot fragments:

4Csym(Z )/T = α/

[(
Z
〈A〉1

)2
−
(

Z
〈A〉2

)2
]

If Csym did not depend on Z, and (N/Z )frag = (N/Z )sys, we could
get the symmetry energy of the fragmenting system

4C frag
sym/T = α/

[(
ZS1
AS1

)2
−
(

ZS2
AS2

)2
]

This was done by several groups, who found very low values of
csym. But these values are in contradiction with the inputs of the
model used.
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Isoscaling and symmetry energy
But ...MMM calculations A. Raduta and F. Gulminelli, PRC 75 (2006) 024605.

MULTIFRAGMENTATION AND THE SYMMETRY TERM OF . . . PHYSICAL REVIEW C 75, 024605 (2007)

a particle evaporation stage which simulates the subsequent
disintegration of the excited fragments [25]. This step is
important as well as it shows the capacity of experimentally
measurable quantities to access the physics at breakup.

The predictive power of Eqs. (1) and (6) has been
systematically checked by confronting their results with the
input symmetry energy which enters fragment definition via
the binding energy. We have considered a variety of situations
in which the size of the emitting sources was varied between
A = 230 and A = 100, the freeze-out volume covered the
usually accepted interval (V = 4V0–8V0) and the excitation
energy ranged between 2 and 10 MeV/nucleon. The lower
limit of the source size for which Eqs. (1), (6), and (2) hold
was conditioned by the possibility to calculate α out of the
isotopic composition of light emitted fragments. Indeed, for
small sources α manifests a relatively strong dependence on
the emitted cluster size, its calculation as an average value
getting disputable [31]. For completeness, the stability of
the above mentioned formulas was checked against sources
isospin variation as well. The conclusions are the same and
only few illustrative cases will be considered in the following.

Figure 1 illustrates the magnitude of the additional terms
of Eq. (6) corresponding to corrections due to surface,
Coulomb, and isospin energies as a function of the charge
of the considered fragment in a case typical for nuclear
multifragmentation reactions, (210, 82) and (190,82) with
V = 4V0 (V0 is the volume at normal nuclear density) and
E = 6 MeV/nucleon. The values of the order of unity rend
these corrections negligible even for light fragments, in
agreement with expectations of Ref. [12]. For this reason, the
discussion on the possibility to extract the symmetry energy
from multifragmentation data will address only the original
Eq. (1).

Figure 2 presents break-up stage predictions of MMM for
the asymmetry term as a function of the emitted fragment
charge. Results of Eqs. (1) and (2) are shown for the mul-
tifragmenting nuclei [(130, 50) and (110, 50)] (upper panel)
and [(210, 82) and (190, 82)] (lower panel) with V = 4V0

and excitation energy ranging from 2 to 10 MeV/nucleon. The
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FIG. 1. (Color online) MMM predictions for the additional
surface (dashed), Coulomb (dotted), and isospin (dot and dash)
contributions to the symmetry energy as a function of Z at breakup.
The solid curve depicts the sum of the above-mentioned terms. The
equilibrated systems are (210, 82) and (190, 82) with V = 4V0 and
excitation energy 6 MeV/nucleon.
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FIG. 2. (Color online) MMM predictions for the symmetry
energy as a function of Z at breakup. The equilibrated systems are
[(130, 50) and (110, 50)] (upper panel) and [(210, 82) and (190, 82)]
(lower panel) with V = 4V0 and excitation energies ranging from 2 to
10 MeV/nucleon. Solid curve: input symmetry energy of the model.
Csym calculated according to Eq. (1) is represented with symbols
while results of Eq. (2) are illustrated with dotted and dashed lines.

MMM results (symbols) are compared to the input symmetry
energy of the model, aiav − aiasA

−1/3 (solid curve). As one
may notice, Eq. (1) shows a remarkable overall stability
against excitation energy variations but its behavior while
modifying the source size or excitation energy deserves a
more attentive investigation. Firstly, Eq. (1) shows a systematic
overestimation of the real value by up to 4 MeV for the largest
fragments. With the increase of the source size and excitation
energy, the overestimation slightly diminishes so that, for the
Z = 82 sources and the highest considered excitation energy,
10 MeV/nucleon, the calculated Csym exceeds by less than
1 MeV the real value. This is an interesting manifestation of
the applicability conditions of grandcanonical approaches in
the case of small systems. Thus, for relatively light fragments
emitted by highly excited large systems, grandcanonical
formulas give reasonable values while more modest results
are obtained at low excitation energies and for fragments
commensurable with the source size. This result should not be
surprising given that even the values of fragment multiplicities
are known to depend significantly on the employed statistical
treatment as illustrated, for instance, by the grandcanonical and
canonical versions of the analytically solvable thermodynamic
model of multifragmentation of Ref. [32] where the values
converge exclusively for relatively light fragments emitted by
highly excited sources.

024605-3

Solid line: input Csym of the model.

Symbols:

Csym = αT/4
[(

Z
〈A〉1

)2
−

(
Z

〈A〉2

)2
]

Better for very excited large source and small
fragments (grandcanonical).

hor. lines :

Csym = αT/4
[(

ZS1
AS1

)2
−

(
ZS2
AS2

)2
]

Good only for very heavy fragments at low
E*.
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Isoscaling and symmetry energy
effect of secondary decays Yao Fu et al. Chin. Phys. Lett. 26 (2009) 082503

Sequential decay effects M.Colonna et al. Eur.Phys.J.A 30,165-182,(2006) 

The isoscaling
 

parameter’s values increase in HIPSE model 
after sequential decays, especially for the heavy fragment.

Our works

Generally
αfin ≥ αprim in stat. mod.
αfin ≤ αprim in dyn. mod.

Widths of excited isotopic
dist. smaller in Dynamical,
while final widths are more
similar in both cases.
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Isoscaling and symmetry energy

Finally the isoscaling α parameter extracted for light isotopes
does not appear very reliable for a direct determination of the
symmetry energy.
But as α was shown to linearly vary with the I value of the
systems It appears as a useful isospin dependent variable.
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Isoscaling in the Lattice gas model
Zmax is promising (G. Lehaut et al. PRL102 (2009) 142503)

2.5. PROPRIÉTÉS ISOTOPIQUES DES FRAGMENTS 55où α et β sont les 
oe�
ients d'isos
aling. Il a été observé expérimentalement, que plusla 
ollision est violente, plus la valeur de α est faible [Tsa01, Lef05, She07℄.Nous avons représenté sur la �gure 2.16 le rapport isotopique de deux systèmes di�érentsen isospin à une température et pression identique en fon
tion du nombre de neutrons
N . Nous observons l'isos
aling en fon
tion du nombre de neutrons, 
e qui nous permetde déduire le paramètre d'isos
aling α à partir d'un ajustement des données sur 
haqueélement Z (les di�érentes 
ourbes sur la �gure de gau
he). Les valeurs α extraites desdi�érents ajustements sont présentées en fon
tion de Z sur la �gure 2.16 à droite.
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Fig. 2.19 � Évolution de l'énergie de symétrie obtenue par les di�érentes méthodes enfon
tion de la température. La 
ourbe bleue 
orrespond à l'énergie de symétrie obtenueave
 la paramètrisation 2.1. Les 
ourbes en vert 
orrespondent à l'énergie de symétrieobtenues par α et l'équation 2.8. Les 
ourbes en rouge tiretées 
orrespondent à l'énergie desymétrie obtenues par α et l'équation 2.9. La 
ourbe rouge 
ontinue 
orrespond à l'énergiede symétrie obtenue par α pour le plus gros fragment de 
haque événement à l'aide del'équation 2.9.
Input model - 〈αZ=2−7〉 ∆( N

Z ) source
dotted: α for Z=2 to 7, ∆( N

Z ) fragments
full: α for Zmax , ∆( N

Z ) fragments

α(Zmax ) qualitatively better agrees with
the input symmetry energy

Needs to detect and fully identify Zmax :NEW EXP. DEVICES TO
GET A FOR Z>10 on large Ω, e.g. FAZIA.
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the EOS of asymmetric nuclear matter

To a good approximation, at T=0, the EOS of nuclear matter is:

E
A (ρ, I) = E

A (ρ, I = 0) +
Esym

A (ρ)× I2

symmetric matter

with I = δ =
ρn−ρp
ρ = N−Z

A

The second term is smaller than the symmetric part⇒ isospin
effects should be rather small.
Better constrained if I can vary on a larger range (RIBs). Present
results from stable beams.
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The symmetry term of the mean field, Esym

Esym gets a kinetic contribution from Pauli correlations and a
potential contribution from the isovector part of the effective
nuclear interactions.

Esym
A (ρ) = εF (ρ)

3 + C
2 F (ρ/ρ0)

with F (1)=1 and C ≈32 MeV (a4 term of the mass formula)

commonly approximated as : Esym
A (ρ) =

Cs,k
2 ( ρρ0

)2/3 +
Cs,p

2 ( ρρ0
)γ

or with a second order expansion around normal density :

Esym
A (ρ) = a4 + L

3 (ρ−ρ0
ρ0

) +
Ksym
18 (ρ−ρ0

ρ0
)2

γ, L define the asy-stiffness of the EOS and allow comparison
between different formulations.
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Some symmetry terms in mean field

The form of the (potential) symmetry term is still highly
controversial.

V. Baran et al., Phys. Rep. 410 (2005) 335.

338 V. Baran et al. / Physics Reports 410 (2005) 335–466

Istemagistrorum locus est simul et puerorum,mittunt quando volunt hic res quas perdere nolunt[1] .

1. Introduction

A key question in the physics of unstable nuclei is the knowledge of the equation of state (EOS) for
asymmetric nuclear matter (ANM) away from normal conditions. We recall that the symmetry energy at
low densities has important effects on the neutron skin structure, while the knowledge in high densities
region is crucial for supernovae dynamics and neutron star properties. The paradox is that while we are
planning second and third generation facilities for radioactive beams, our basic knowledge of the symmetry
term of the EOS is still extremely poor. Effective interactions are obviously tuned to symmetry properties
around normal conditions and any extrapolation can be quite dangerous. Microscopic approaches based
on realistic NN interactions, Brueckner or variational schemes, or on effective field theories show a rather
large variety of predictions. As an example, inFig. 1-1, we collect the isospin dependence of some EOSs
which havethe same saturation properties for symmetric NM(top):SKM∗ [2,3],SLy230b (SLy4) [4–6]
andBPAL32 [7–9].

In Fig. 1-1(bottom), we report the density dependence of the potential symmetry contribution for the
three different effective interactions. While all curves obviously cross at normal density�0, quite large
differences are present for values, slopes and curvatures in low-density and particularly in high-density
regions.
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Fig. 1-1. EOS for various effective forces. Top: neutron matter (up), symmetric matter (down); Bottom: potential symmetry term.

B.A. Li PRL102(2009)

data, the IBUU04 model has had modest successes so far
[6]. While the NSCL/MSU isospin diffusion data [32]
allowed us to limit the Esymð�Þ at subsaturation densities

to be between that with x ¼ 0 and x ¼ �1 [33,34], the
same model parameter sets underpredict [35] significantly
the double neutron/proton ratio of Ref. [36]. Nevertheless,
it is interesting to mention that the above limited range of
the Esymð�Þ for � � �0 is consistent with that extracted

very recently from analyses using the ImQMD (Improved
QMD) model which can reproduce both the isospin diffu-
sion data and the double neutron/proton ratio simulta-
neously [37]. It is also worth noting that the APR
prediction for the Esymð�Þ at subsaturation densities lies

right between that with x ¼ 0 and x ¼ �1.
Among the most sensitive probes of the Esymð�Þ at

suprasaturation densities proposed in the literature [6],
the ��=�þ ratio in heavy-ion collisions is particularly
promising. Qualitatively, the advantage of using the
��=�þ ratio is evident within both the �ð1232Þ resonance
model [38] and the statistical model [39] for pion produc-
tion. Assuming only first chance inelastic nucleon-nucleon
collisions produce pions and neglecting their reabsorp-
tions, the � resonance model predicts a primordial
��=�þ ratio of ð��=�þÞres � ð5N2 þ NZÞ=ð5Z2 þ
NZÞ � ðN=ZÞ2dense, where the N and Z are neutron and

proton numbers in the participant region of the reaction.
The ��=�þ ratio is thus a direct measure of the isospin
asymmetry ðN=ZÞdense of the dense matter formed. The
latter is determined by the Esymð�Þ through the dynamical

isospin fractionation [40], namely, the high (low) density
region is more neutron-rich (poor) with a lower Esymð�Þ at
suprasaturation densities. Since effects of the Esymð�Þ are
obtained mainly through the corresponding nuclear mean-
field which dominates the dynamics of heavy-ion reactions
at relatively low energies, based on the resonance model
one thus expects the ��=�þ probe to be most effective at
beam energies near the pion production threshold E�

th �

300 MeV. On the other hand, assuming pions have gone
through multiple production-reabsorption cycles and
reached thermal-chemical equilibrium, the statistical
model predicts that ��=�þ / exp½2ð�n ��pÞ=T� ¼
exp½8�Esymð�Þ=T�, where T is the temperature. Thus, in

this model the ��=�þ ratio measures directly the Esymð�Þ
at the pion freeze-out. Meanwhile, at energies much higher
than the E�

th where pions are abundant, the reaction dy-

namics is dominated by scatterings among all hadrons
instead of the nuclear mean-field [41]. Therefore, one
expects that the ��=�þ probe becomes less effective at
very high energies where other observables, such as, the
neutron-proton differential flow [42,43], may be more
useful for probing the high density Esymð�Þ. More quanti-

tatively and realistically compared to the above two ideal-
ized models, several hadronic transport models have shown
consistently that the ��=�þ ratio is indeed sensitive to the
Esymð�Þ [43–45] especially near the E�

th. Moreover, by

varying separately the Esymð�Þ at sub and suprasaturation

densities in IBUU04 simulations we found that the��=�þ
ratio in collisions near the E�

th is much more sensitive to the

variation of the Esymð�Þ at suprasaturation rather than

subsaturation densities.
Recently, Reisdorf et al. studied systematically the

��=�þ ratio in 40Caþ 40Ca, 96Ruþ 96Ru, 96Zrþ 96Zr,
and 197Auþ 197Au reactions using the FOPI detector at
SIS/GSI [29]. Their ��=�þ data are the most extensive
and accurate ones available in the literature, thus providing
us the best opportunity so far to extract the Esymð�Þ at

suprasaturation densities.

FIG. 1 (color online). Density dependence of nuclear symme-
try energy predicted by APR, used in IQMD and the present
work (MDI).
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FIG. 2 (color online). The ��=�þ ratio as a function of the
neutron/proton ratio of the reaction system at 0:4A GeV with
the reduced impact parameter of b=bmax � 0:15. The inset is
the impact parameter dependence of the ��=�þ ratio for the
96Ruþ 96Ru reaction at 0:4A GeV.

PRL 102, 062502 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending

13 FEBRUARY 2009

062502-2

The symmetry energy is termed

“asy-soft” if Epot
sym presents a maximum (between ρ0 and 2ρ0),

followed by a decrease and vanishing (γ <1)
“asy-stiff” if it continuously increases with ρ (γ >1)
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The potential symmetry term of the mean field

n and p potentials have opposite signs.348 V. Baran et al. / Physics Reports 410 (2005) 335–466

Fig. 2-3. Symmetry contribution to the mean field atI = 0.2 for neutrons (upper curves) and protons (lower curves): dashed
lines “asy-soft”, long dashed lines “asy-stiff”, solid lines “asy-superstiff”.

Fig. 2-4. Density dependence, forI = 0.2, of neutron (upper curves) and proton (lower curves) chemical potentials for
asy-superstiff (solid lines) and asy-soft (dashed line) EOS.

particle, including the isoscalar part and the kinetic symmetry term. In non-equilibrium processes, the
mass flow is determined by the differences in the local values of chemical potential and is directed from
the regions of higher chemical potential to regions of lower values until equalization.

I=0.2 (ex 124Sn)
U > 0 neutrons
U < 0 protons

Attractive potential for p (opposite to
Coulomb !).
asy-soft more attractive than asy-stiff
below ρ0, less above ρ0
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The ingredients of transport codes

Mean field : all results of the last two decades agree for a
“soft” isoscalar term, K∞=200-230 MeV.
Isoscalar (+ isovector) momentum dependence or not.
Residual interaction :
free σNN(E , I, θ) or in-medium correction.

In the following comparisons, each code keeps same properties
of symmetric matter and same residual interaction, only Esym is
varied.
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Transport codes : Glossary

BUU, VUU (Boltzmann/Vlasov-Uehling-Uhlenbeck), IBUU,
RBUU (Bertsch, Danielewicz, Bao-An Li)
Landau-Vlasov (Sébille)
BNV (Boltzmann-Nordheim-Vlasov)
(di Toro, Colonna)
Molecular Dynamics

the QMD (Quantum Molecular Dynamics) family
QMD (Aichelin), IQMD (Hartnack), ImQMD (Z. Li), UrQMD
(Bass) ...
CoMD (Constrained MD - Bonasera & Papa, Catania)



Introduction

Statistical
framework

the EOS of
asymmetric
nuclear matter -
transport codes

Competition of
reaction
mechanisms

Isospin diffusion

n/p ratios

Isospin distillation

Neck
fragmentation at
Fermi energies

Neutron skin

Constraint on the
EOS at
supra-saturation
density

Summary

Identification of fragments in transport codes

Fragments are identified either

with a clusterization algorithm, in r space or in r ,p space.
following local densities : low densities correspond to free
nucleons, higher ones to clusters of nucleons (fragments).
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Nuclear collisions at Fermi energies

Central (∼ head-on) collisions: some nucleons/light nuclei escape
rapidly (preequilibrium). The big remnant either de-excite to an
evaporation residue, or multifragments.

Marie-France Rivet Workshop in honour of Massimo di Toro  September 18th 2009

Heating nuclei in H.I. collisions at Fermi energies

Narrow E* domain

Lar
ge 

E* 
dom

ain
(semi)Peripheral collisions: two remnants of projectile (QP) and
target(QT). In between nucleons and light nuclei (mid-rapidity,
neck). QP/QT de-excite by evaporation or multifragment.
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Glossary: the 4π arrays used

Detect and identify charged products, neutrons need additional
devices.

Fermi energies
Miniball (+LASSA) - MSU
(USA)
INDRA - GANIL (France)
CHIMERA - LNS Catania (Italy)
relativistic energies

FOPI - GSI Darmstadt
(Germany)
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Competition of dissipative mechanisms
Fusion vs deep inelastic in central collisions

Effect of isospin understood in terms of the amount of repulsion
existing during the interaction of two surfaces (i.e. below ρ0).

For n-rich systems, fusion is favoured with asy-soft : the
proton symmetry field is more attractive and thus the
interaction between the incoming nuclei is stronger, the
dissipation larger.
For n-poor conversely fusion is easier for asy-stiff : because
of a repulsive field for p (“proton skin”), p are promptly
emitted, which decreases Coulomb and makes fusion more
likely.
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Competition of reaction mechanisms
Amorini et al. PRL 102 (2009) 112701

target: 48Ca 46Ti 40Ca

rings, up to 4.5�, were covered. The event trigger condi-
tions of the experiment required at least three silicon
detectors fired by fragments, with charge Z > 1, in order
to remove the most peripheral collisions. The charge and
mass of detected particles were determined by means of
standard �E-E and fast-slow identification techniques
[18]. Particle velocities were determined by time-of-flight
(TOF) measurements performed using the cyclotron radio
frequency as a reference time and the silicon detectors as
stop signals [19]. The resulting TOF resolution is of the
order of 1 ns, mostly due to beam time characteristics.
Combining the TOF and energy measurements, the mass of
particles stopped in silicon detectors was also evaluated.
An overall mass resolution �M=M of the order of 5% [20]
has been estimated for masses A� 50, i.e., the typical
mass of HR fragments relevant to the analysis presented
in this work. Because of handling difficulties, oxidation
occurred in 40Ca and 48Ca targets. However, uninteresting
reactions induced by the beam on oxygen contaminants in
the targets have been isolated and removed from the data
analysis by studying only complete events. These events
were defined by requiring the sum of the charges of all
detected fragments,

P
Zi, to be larger than 80% of the total

charge of the entrance channel, i.e.,
P

Zi > 32. Moreover,
we required also the sum of all fragment momenta,

P
Pi, to

be larger than 70% of the total momentum P of the
projectile. Furthermore, events produced by a possible
pileup of two or more reactions were excluded by requiring

P
Zi to be smaller than 40, for Ca targets, and smaller than

42, for Ti targets requiring also
P

Pi to be not larger than
P. Charged particle multiplicity distributions are shown in
Fig. 1(e) for the 40Caþ 48Ca (full dots) and for 40Caþ
46Ti (shaded area histogram) reactions. The distribution
obtained with N-Z symmetric 40Ca targets, being very
similar to that observed with 46Ti targets, is not shown.
The maximum in the multiplicity distributions is shifted
back by one unit in the case of 48Ca targets, probably due to
a larger neutron emission probability. Taking into account
this observation, in order to minimize contributions from
very peripheral reactions, only events with a multiplicity of
at least five charged particles, in the case of 48Ca target, and
six charged particles, in the case of 46Ti and 40Ca targets,
have been selected. In order to isolate events where in-
complete fusion occurs, we required the velocity of the
second or third heaviest detected fragment to be larger than
0:13c. In fact, in such kind of reactions, the portion of the
projectile that does not fuse with the target is expected to
move with a velocity close to that of the projectile. This
selections strongly suppress events in which only a part of
the target fuses while the remnant behaves like a spectator
[16]; target spectators are in fact not detected and do not
contribute to the

P
Zi.

Figures 1(a)–1(c) show the correlations between the
mass m1 and the velocity v1 of the largest detected
fragment in the reactions 40Caþ 48Ca, 40Caþ 46Ti and
40Caþ 40Ca, respectively. The distribution in Fig. 1(a) is
peaked at velocities v1 � 0:09c, close to the center of mass
velocity of the 40Caþ 48Ca reaction (Vc:m: ¼ 0:105c), and
at masses m1 � 50 amu. These large fragments are the
HR remnants of incomplete fusion reactions. The distri-
butions obtained for the other two reactions [Figs. 1(b) and
1(c)] regardless of their similarities, display some marked
differences. Targetlike nuclei, with a velocity smaller
than 0:04c, are detected more copiously in the case of a
46Ti target [Fig. 1(b)] than in the case of a 40Ca target
[Fig. 1(c)]. These heavy and slow targetlike fragments are
mostly stopped in the thicker 48Ca target and therefore they
are not observed in Fig. 1(a). The fragment mass distribu-
tions of the three reactions are rather different. This can be
better seen in Fig. 1(d) where the projections of the scatter
plots (top panels) on their mass axis are shown (a cut at
0:04< v1=c < 0:15 was used to exclude targetlike and
projectilelike fragments). These distributions are peaked
at smaller masses in the case of 46Ti, 40Ca targets (dashed
line and dotted line, respectively) than in the case of a 48Ca
target (continuous line). A bump around mass m1 � 50 is
seen in reactions on a 48Ca target, and gradually disappears
when moving towards more symmetric 46Ti to 40Ca tar-
gets. In order to further explore mass correlations, and to
give an operative definition of the two classes of reaction
mechanisms that we want to investigate, we plot on the
left-hand panels of Fig. 2, as dot histograms, the difference
between the masses of the two largest fragments,m1 �m2,
normalized to the mass mtot of the entrance channels,

FIG. 1 (color online). Massm1 versus velocity v1 of the largest
fragment detected in the 40Caþ 48Ca (a), 40Caþ 46Ti (b), and
40Caþ 40Ca (c) reactions. (d) Projections on the mass axis for
48Ca target (full line) 46Ti target (dashed line), and 40Ca target
(dotted line). (e) Charged particle multiplicity in the reactions
40Caþ 48Ca (dotted histogram) and 40Caþ 46Ti (shaded area
histogram).

PRL 102, 112701 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending
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112701-2

a) to d): largest fragment

40Ca @ 25A MeV at LNS
Catania
Detection with CHIMERA
4π array (1192 modules)
Selection of events with:
- 32 <

∑
i Zi < 40(42)

-
∑

i Pi > 0.7× Pbeam
- M ≥ 5 (48Ca) or 6 (other
targets)
- d): 0.04 < v1/c < 0.15
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target: 48Ca 46Ti 40Ca

rings, up to 4.5�, were covered. The event trigger condi-
tions of the experiment required at least three silicon
detectors fired by fragments, with charge Z > 1, in order
to remove the most peripheral collisions. The charge and
mass of detected particles were determined by means of
standard �E-E and fast-slow identification techniques
[18]. Particle velocities were determined by time-of-flight
(TOF) measurements performed using the cyclotron radio
frequency as a reference time and the silicon detectors as
stop signals [19]. The resulting TOF resolution is of the
order of 1 ns, mostly due to beam time characteristics.
Combining the TOF and energy measurements, the mass of
particles stopped in silicon detectors was also evaluated.
An overall mass resolution �M=M of the order of 5% [20]
has been estimated for masses A� 50, i.e., the typical
mass of HR fragments relevant to the analysis presented
in this work. Because of handling difficulties, oxidation
occurred in 40Ca and 48Ca targets. However, uninteresting
reactions induced by the beam on oxygen contaminants in
the targets have been isolated and removed from the data
analysis by studying only complete events. These events
were defined by requiring the sum of the charges of all
detected fragments,

P
Zi, to be larger than 80% of the total

charge of the entrance channel, i.e.,
P

Zi > 32. Moreover,
we required also the sum of all fragment momenta,

P
Pi, to

be larger than 70% of the total momentum P of the
projectile. Furthermore, events produced by a possible
pileup of two or more reactions were excluded by requiring

P
Zi to be smaller than 40, for Ca targets, and smaller than

42, for Ti targets requiring also
P

Pi to be not larger than
P. Charged particle multiplicity distributions are shown in
Fig. 1(e) for the 40Caþ 48Ca (full dots) and for 40Caþ
46Ti (shaded area histogram) reactions. The distribution
obtained with N-Z symmetric 40Ca targets, being very
similar to that observed with 46Ti targets, is not shown.
The maximum in the multiplicity distributions is shifted
back by one unit in the case of 48Ca targets, probably due to
a larger neutron emission probability. Taking into account
this observation, in order to minimize contributions from
very peripheral reactions, only events with a multiplicity of
at least five charged particles, in the case of 48Ca target, and
six charged particles, in the case of 46Ti and 40Ca targets,
have been selected. In order to isolate events where in-
complete fusion occurs, we required the velocity of the
second or third heaviest detected fragment to be larger than
0:13c. In fact, in such kind of reactions, the portion of the
projectile that does not fuse with the target is expected to
move with a velocity close to that of the projectile. This
selections strongly suppress events in which only a part of
the target fuses while the remnant behaves like a spectator
[16]; target spectators are in fact not detected and do not
contribute to the

P
Zi.

Figures 1(a)–1(c) show the correlations between the
mass m1 and the velocity v1 of the largest detected
fragment in the reactions 40Caþ 48Ca, 40Caþ 46Ti and
40Caþ 40Ca, respectively. The distribution in Fig. 1(a) is
peaked at velocities v1 � 0:09c, close to the center of mass
velocity of the 40Caþ 48Ca reaction (Vc:m: ¼ 0:105c), and
at masses m1 � 50 amu. These large fragments are the
HR remnants of incomplete fusion reactions. The distri-
butions obtained for the other two reactions [Figs. 1(b) and
1(c)] regardless of their similarities, display some marked
differences. Targetlike nuclei, with a velocity smaller
than 0:04c, are detected more copiously in the case of a
46Ti target [Fig. 1(b)] than in the case of a 40Ca target
[Fig. 1(c)]. These heavy and slow targetlike fragments are
mostly stopped in the thicker 48Ca target and therefore they
are not observed in Fig. 1(a). The fragment mass distribu-
tions of the three reactions are rather different. This can be
better seen in Fig. 1(d) where the projections of the scatter
plots (top panels) on their mass axis are shown (a cut at
0:04< v1=c < 0:15 was used to exclude targetlike and
projectilelike fragments). These distributions are peaked
at smaller masses in the case of 46Ti, 40Ca targets (dashed
line and dotted line, respectively) than in the case of a 48Ca
target (continuous line). A bump around mass m1 � 50 is
seen in reactions on a 48Ca target, and gradually disappears
when moving towards more symmetric 46Ti to 40Ca tar-
gets. In order to further explore mass correlations, and to
give an operative definition of the two classes of reaction
mechanisms that we want to investigate, we plot on the
left-hand panels of Fig. 2, as dot histograms, the difference
between the masses of the two largest fragments,m1 �m2,
normalized to the mass mtot of the entrance channels,

FIG. 1 (color online). Massm1 versus velocity v1 of the largest
fragment detected in the 40Caþ 48Ca (a), 40Caþ 46Ti (b), and
40Caþ 40Ca (c) reactions. (d) Projections on the mass axis for
48Ca target (full line) 46Ti target (dashed line), and 40Ca target
(dotted line). (e) Charged particle multiplicity in the reactions
40Caþ 48Ca (dotted histogram) and 40Caþ 46Ti (shaded area
histogram).
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a) to d): largest fragment

40Ca @ 25A MeV at LNS
Catania
Detection with CHIMERA
4π array (1192 modules)
Selection of events with:
- 32 <

∑
i Zi < 40(42)

-
∑

i Pi > 0.7× Pbeam
- M ≥ 5 (48Ca) or 6 (other
targets)
- d): 0.04 < v1/c < 0.15
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simulated events has been finally filtered through the an-
gular coverage and detector efficiency of the CHIMERA
array. Moreover, the same event selection criteria as in the
experimental data have been used. Regardless of some
discrepancies at small �Mnor values, the trend of the data
is satisfactorily reproduced. In order to show the sensitivity
of our simulated observables to different choices about the
stiffness of the density dependence of the symmetry en-
ergy, we plot in Fig. 3 the results obtained with 48Ca targets
using the Stiff1, Stiff2 and Soft options.

The disagreement with the data for the Stiff1 and Soft
options is rather clear. In the Stiff1 and Stiff2 cases, the
many-body correlations of CoMD-II generate an attractive
interaction as the nuclear density grows, inducing a higher
yield of HR. The Soft isovectorial potential maintains and
enhances instead the repulsive contribution producing a
fragmentation of the source. In the bottom panels in the
same figure, the dashed line histograms correspond to the
results obtained from CoMD-II simulations performed
without the final GEMINI secondary decays of primary
excited fragments. The comparison with the shaded area
histograms shows that secondary decays shift the peaks in
the mass distributions to slightly lower values. However,
the overall shape of these distributions remains unaltered.

The mentioned many-body correlations [22] affect sig-
nificantly the effective strength of the isovectorial interac-
tion. This explains the large changes observed in the mass
distributions for the three different parametrizations in
Fig. 3. According to the sensitivity shown by the model

calculations to the different options used for the form
factors describing the symmetry interaction, we can esti-
mate that the � ¼ 1 value extracted from the comparison
with the experimental data is affected by an error of the
order of �15%.
As it has been discussed above, the extracted value of the

� parameter can be affected by many-body correlations
characterizing the CoMD-II model. On the other hand,
these correlations are responsible for fragment and cluster
formation processes. The role played by these many-body
correlations in dynamics driven by isospin dependent
forces may be better highlighted by comparing our simu-
lations to results obtained with mean-field model ap-
proaches using the same strength and form factors.
In summary, we have observed, for the first time, an

isotopic effect on the competition between reaction mecha-
nisms producing one or more massive fragments in their
final channels at an incident energy of 25 MeV=nucleon.
We observe that the production of heavy remnants, essen-
tially deriving from an incomplete fusion mechanism, is
enhanced in the case of neutron rich reaction systems,
while binary reactions mechanisms dominate in the case
of isospin symmetric N � Z systems. According to
CoMD-II model calculations, the observed isotopic effect
is attributed to the interplay between Coulomb and iso-
vectorial interactions. A comparison of the measured mass
correlations to CoMD-II model predictions provides a
constraint on the stiffness of the nuclear symmetry poten-
tial that is found to be characterized by a form factor F �
ðs=sg:s:Þ� with � � 1:0� 0:15.

Thanks are due to the INFN Sezione di Catania and
INFN LNS staff, respectively, for the invaluable contribu-
tion during the setting up of the detector and for the high
quality of the delivered beams. Thanks are also due to
M. D’Agostino for useful discussions.
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FIG. 3 (color online). CoMD-IIþ GEMINI calculations (shaded
area histogram) and experimental results (dotted histograms) for
the 48Ca case for (a),(b) Stiff1 parametrization; (c),(d) Soft
parametrization; (e),(f) Stiff2 parametrization, dashed line
CoMD-II calculations, without the GEMINI stage.
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∆Mnor = (m1 −m2)/mtot
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CoMD-II + GEMINI (shaded
histos)
3 symmetry energy terms:
Soft = γ = 0.5
Stiff2 = γ = 1
Stiff1 = γ ≈ 1.5
Comparison with data for the
n-rich system
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�Mnor ¼ ðm1 �m2Þ=mtot. In order to exclude targetlike
contributions biased by differences in target thickness,
only fragments having velocities greater than 0:04c have
been taken into account. �Mnor minimizes the effects due
to the mass difference between the three targets and en-
hances the effects due to their isotopic content. In these
spectra one observes a local minimum around �Mnor �
0:4. We then use this value as an operative threshold
between the two classes of investigated reaction mecha-
nisms and assume that events with �Mnor > 0:4 (m2 < 16
if m1 ¼ 50 with 48Ca targets) belong to the first class
mainly producing one HR. Comparing the three left-hand
panels in Fig. 2 a clear enhancement at �Mnor � 0:5 in the
case of reactions induced on 48Ca targets is observed. On
the other hand, in the case of N � Z symmetric reactions
40Caþ 40Ca and 40Caþ 46Ti, the distribution is clearly
pushed to low �Mnor values. A difference can be observed
also in the mass distribution m1=mtot of the heavy residues
shown in the right-hand panels of Fig. 2 for events selected
with the condition m2 < 10. A wider m1=mtot distribution
is obtained with the N � Z targets. This can be induced by
the presence of larger fluctuations on the mass of the
primary incomplete fused system or by a larger probability
for this system to decay emitting complex fragments and
thus displaying large variations in its final mass. The
observed larger probability of producing heavy residues
observed in 40Caþ 48Ca reactions and the smallerm1 mass
fluctuations may be connected to the larger neutron content
of 48Ca.

In fact, the neutron excess of the 40Caþ 48Ca system
pushes the formed hot compound nucleus closer to the
stability valley. On the contrary, the intermediate systems
formed with the other two N � Z targets are much closer
to the proton drip line.
In order to go beyond this qualitative observation, and

better investigate the mechanisms responsible for the ob-
served effects and their links to the symmetry interaction,
we compare experimental results to calculations performed
with the CoMD-II (constrained molecular dynamics II)
model [21]. In this model, the dependence of the isospin
dependent interaction on the total overlap integral s be-
tween the wave packets is characterized by a form factor
Fðs=sg:s:Þ (the label g.s. corresponds to the ground state

configuration) [22]. This form factor can be expressed, for
compact configurations, as Fðs=sg:s:Þ ¼ s=sg:s:F

0ðs=sg:s:Þ.
Depending on the specific choice of F0ðs=sg:s:Þ, one can

select a different stiffness of the density dependence of
the symmetry energy. Specifically, we have used the fol-
lowing functional forms: F0ðs=sg:s:Þ ¼ 2ðs=sg:s:Þ=ð1þ
s=sg:s:Þ (Stiff1), F0ðs=sg:s:Þ ¼ 1 (Stiff2). F0ðs=sg:s:Þ ¼
ðs=sg:s:Þ�1=2 (Soft) suggested from equation of state static

calculations and widely used in Boltzmann-Uehling-
Uhlenberg mean-field calculations [1,2]. The strength fac-
tor used for the symmetry interaction is 27 MeV [22]. In
order to compare CoMD-II calculations with mean-field
approaches that use as a fundamental quantity the one-
body density �, we underline that the ratios s=sg:s: and

�=�g:s: are equivalent within 1%. Another kind of func-

tional for the form factor, which is widely used in the
literature, is �ð�; s=sg:s:Þ ¼ ðs=sg:s:Þ� where � can be as-

sumed as a measure of the degree of stiffness. We note that
for the Stiff2 option the functional F and � are identical
(with � ¼ 1). To compare with the functional � the other
two options used in this Letter we can reasonably assume
that the dynamical evolution of the system strongly de-
pends on the value of the maximum density overlap, smax,
achieved during the first 100 fm=c. At this stage of the
dynamical evolution of the system, at the investigated
energy, the quantity ðs� sg:s:Þ=sg:s: is relatively small

(�10%–15%), so that one can approximate F0ðs=sg:s:Þ �
1þ �ðs� sg:s:Þ=sg:s:. The form factors used in the case of

Stiff1, Stiff2, and Soft isovector potentials correspond,
respectively, to � ¼ 0:5, � ¼ 0, and � ¼ �0:5. In the
same limit it is easy to verify that F0ðs=sg:s:Þ ¼
�ð�� 1; s=sg:s:Þ with � ¼ �þ 1.

The best agreement between calculations and the ex-
perimental results is obtained using the Stiff2 option (� ¼
1; � ¼ 0 case). Such calculations are reported in Fig. 2 as
shaded area histograms. The dynamical evolution of the
system has been determined up to 600 fm=c. Secondary
decays of the excited primary fragments produced at the
final stage of the CoMD-II calculations are simulated with
the GEMINI statistical code [23]. The ensemble of the

FIG. 2 (color online). Dot histograms: Probability plots of
m1 �m2 and m1 normalized to the total mass for the studied
reactions. Shaded histogram: CoMD-IIþ GEMINI calculations.
See text for details.
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Isospin diffusion
Semi-peripheral collisions

“Exchange of isospin” between QP and QT during the collision,
until N/Z equilibration (=that of the total system). Depending on
t(b,E) at which QP/QT re-separate, equilibration might or not be
reached

Interplay between
1 Isospin transport due to density gradients (migration)

depends on the slope of the symmetry energy :

Dρ
n − Dρ

p ∝ 4I ∂Esym
∂ρ

2 Transport due to isospin concentration gradients (diffusion)
depends on the absolute value of the symmetry energy

DI
n − DI

p ∝ 4ρEsym
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Use of imbalance (or isospin transport) ratio

Study of isospin transport/equilibration for an isospin sensitive
quantity x :

Rx
P,T = 2(xM−xeq)

(xH−xL)
with xeq = (xH + xL)/2

H and L refer to two symmetric reactions between n-rich and
n-poor nuclei, M to the mixed reaction.
R = ±1 in projectile(P)/target(T) regions, R=0 when isospin
equilibrium is reached.

Different observables x will provide the same result if they are
linearly related.

The use of ratios is expected to minimize effects such as
pre-equilibrium, Coulomb, secondary de-excitation ... and
emphasize the influence of the asymmetry term.
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Study of isospin diffusion vs dissipation
Di Toro et al. Prog. Part. Nucl. Phys. 62 (2009) 389

M. Di Toro et al. / Progress in Particle and Nuclear Physics 62 (2009) 389–401 393

Fig. 3. Left panel: Imbalance ratios for Sn + Sn collisions for incident energies of 50 (left) and 35 AMeV (right) as a function of the impact parameter.
Signatures of the curves: Iso-EoS stiff (solid lines), soft (dashed lines); MD interaction (circles), MI interaction (squares); projectile rapidity (full symbols,
upper curves), target rapidity (open symbols, lower curves). Right Panel: Imbalance ratios as a function of relative energy loss for both beam energies.
Upper: Separately for stiff (solid) and soft (dashed) Iso-EoS, and for MD (circles and squares) andMI (diamonds and triangles) interactions, in the projectile
region (full symbols) and the target region (open symbols). Lower: Quadratic fit to all points for the stiff (solid), resp. soft (dashed) Iso-EoS.

of production of light fragments etc, can also be of interest [7]. The indices H and L refer to the symmetric reaction between
the heavy (n-rich) and the light (n-poor) systems, while M refers to the mixed reaction. P, T denote the rapidity region, in
which this quantity is measured, in particular the PLF and TLF rapidity regions. Clearly, this ratio is±1 in the projectile and
target regions, respectively, for complete transparency, and oppositely for complete rebound, while it is zero for complete
equilibration.
In a simplemodel, we can show that the imbalance ratiomainly depends on two quantities: the strength of the symmetry

energy and the interaction time between the two reaction partners. Let us take, for instance, the asymmetry β of the PLF
(or TLF) as the quantity x. As a first order approximation, in the mixed reaction, this quantity relaxes towards its complete
equilibration value, βeq = (βH + βL)/2 as

βMP,T = β
eq
+ (βH,L − βeq) e−t/τ , (8)

where t is the time elapsed, while the reaction partners are interacting (interaction time) and the damping τ is mainly
connected to the strength of the symmetry energy. Inserting this expression into Eq. (7), one obtains RβP,T = ±e

−t/τ for the
PLF andTLF regions, respectively. Hence the imbalance ratio canbe considered as a goodobservable to trace back the strength
of the symmetry energy from the reaction dynamics, provided a suitable selection of the interaction time is performed.
The centrality dependence of the Imbalance Ratio, for (Sn, Sn) collisions, has been investigated in experiments [32] as

well as in theory [30,33]. We propose here a new analysis which appears experimentally more selective. The interaction
time certainly influences the amount of isospin equilibration, see Eq. (6) and Refs. [30,34]. Longer interaction times should
be correlated to a larger dissipation. It is then natural to look at the correlation between the imbalance ratio and the total
kinetic energy loss. In this way, we can also better disentangle dynamical effects of the isoscalar and isovector part of the
EoS, see [34].
It is seen in Fig. 3 that the curves for the asy-soft EoS (dashed) are generally lower in the projectile region (and oppositely

for the target region), i.e. showmore equilibration than those for the asy-stiff EoS. In order to emphasize this trend we have,
in the lower panel of the figure, collected together all the values for the stiff (circles) and the soft (squares) Iso-EoS, and
fitted them by a quadratic curve. It is seen that this fit gives a good representation of the trend of the results.
The difference between the curves for the stiff and soft Iso-EOS in the lower panel then isolates the influence of the Iso-

EoS from kinematical effects associatedwith the interaction time. It is seen, that there is a systematic effect of the symmetry
energy of the order of about 20%, which should bemeasurable. The correlation suggested in Fig. 3 should represent a general
feature of isospin diffusion, and it would be of great interest to verify experimentally.

3. Isospin distillation with radial flow

In central collisions at 30–50 MeV/A, where the full disassembly of the system into many fragments is observed, one can
study specifically properties of liquid-gas phase transitions occurring in asymmetric matter [35–37,11,5]. For instance, in

x = (N − Z )/(N + Z )

Results of the BNV transport
code

Reactions Sn+Sn @35A and
50A MeV.
H=124; L=112
“universal” curve when sorting
with Eloss/Ec.m.
isospin equilibrium reached
faster, with less dissipation, for
asy-soft EOS.
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MSU data

4 systems studied: 124Sn+124Sn, 112Sn+112Sn, 124Sn+112Sn and
112Sn+124Sn @ 50 AMeV.
For x use of the isoscaling parameter α
and the ratio of yields of mirror nuclei ln

[
Y (7Li)/Y (7Be)

]
.

Both are linearly connected with I
An experimental impact parameter is obtained from Mcp
distributions.
Experimental cut b/bmax>0.8.
Comparisons are made with transport codes with b=6 fm, in
which x = I.
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x = α

226 B.-A. Li et al. / Physics Reports 464 (2008) 113–281

Fig. 112. Density contour ρ(x, 0, z) in the reaction plane at different times for reaction 124Sn+
112Sn at E/A = 50MeV and b = 6 fm by usingmomentum-

dependent interactionMDIwith x = −1 (upper panels) andmomentum-independent interaction SBKDwithmomentum-independent symmetry potential
U
MDI(−1)
sym (ρ, δ, τ) (lower panels). The thick solid lines represent ρ0 /20 while dashed lines represent ρ0 /8. Taken from Ref. [515].

Fig. 113. Thedegree of isospin diffusion as a function of time (leftwindow) and Kasy (rightwindow)with theMDI and SBKD interactions. The corresponding
evolutions of central density are also shown on the left. Taken from Ref. [71].

Epotsym(ρ) = F(x)ρ/ρ0 + (18.6 − F(x))(ρ/ρ0)
G(x), (7.34)

with F(x) and G(x) given in Table 4 for x = 1, 0, −1 and −2. Also shown in Table 4 are other characteristics of the symmetry
energy, including its slope parameter L and curvature parameter Ksym at ρ0, as well as the isospin-dependent part Kasy of the
isobaric incompressibility of asymmetric nuclear matter.

7.8.2. Effects of in-medium NN cross sections on isospin diffusion
In the above study on isospin diffusion, free-space NN cross sections are used. However, the isospin degree of freedom

plays an important role in heavy-ion collisions through both nuclear EOS andNN scatterings [2,3]. In particular, the transport
of isospin asymmetry between two colliding nuclei is expected to depend on both the symmetry potential and in-medium
NN cross sections. For instance, the drifting contribution to isospin transport in a nearly equilibrium system is proportional
to the product ofmean relaxation time τnp and the isospin asymmetric force Fnp [47].While the τnp is inversely proportional to
the neutron–proton (np) scattering cross section σnp [47], the Fnp is directly related to the gradient of the symmetry potential.
On the other hand, the collisional contribution to isospin transport in a non-equilibrium system is generally expected to be
proportional to the np scattering cross section. Thus isospin transport in heavy-ion reactions depends on both the long-range
and the short-range parts of isospin-dependent in-medium nuclear effective interactions, namely, the symmetry potential
and the in-medium np scattering cross section. The former relates directly to the density dependence of the symmetry
energy Esym(ρ).

Comparison to IBUU04, b=6 fm (B.A. Li)
Best agreement for asy-stiff: x=-1 ≡ γ=1.6-2
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x = α (Tsang PRL 92 (2004) 062701)

that the isospin asymmetry of the projectile remnant is
half way between that of the projectile and the ‘‘equili-
bration value.’’

We now explore the relationship between isospin dif-
fusion, and the asymmetry term of the EOS. The
Boltzmann-Uehling-Uhlenbeck (BUU) [23,24] formal-
ism calculates the time evolution of the colliding system
using a self-consistent mean field. The isospin indepen-
dent part of the mean field in these calculations is
momentum independent and described by an incompres-
sibility coefficient of K � 210 MeV [15]. The interaction
component of the asymmetry term in three sets of calcu-
lations provides a contribution to the symmetry energy
per nucleon of the form Esym;int=A � Csym��=�0�

� where
Csym is set to 12.125 MeV and � � 2, 1, and 1=3. Here,
smaller values for � dictate a weaker density dependence
for Esym;int. The fourth set of calculations, referred to as
SKM, uses an interaction asymmetry term providing
Esym;int=A � 38:5��=�0� 	 21:0��=�0�

2 [25] and has the
weakest density dependence at � � �0.

Calculations were performed for the 124Sn� 124Sn,
124Sn� 112Sn, 112Sn� 124Sn, and 112Sn� 112Sn systems
at an impact parameter of b � 6 fm [15]. We employed
ensembles of 800 test particles per calculation and
we followed each calculation for an elapsed time of
216 fm=c. At this late time, the projectile and target
residues can be cleanly separated. We further require
that all nucleons in the region assigned to a projectile
residue to be at a density greater than 0:05�0 and have a
center of mass velocity more than half that of the beam.
To reduce statistical fluctuations in the results, we aver-
aged them over 20 calculations for each system and used
the average numbers of neutrons and protons in the resi-
due to compute its average asymmetry h�i.

Using the calculated h�i, as the isospin observable, x,
in Eq. (2), we plot Ri��� as a function of time in Fig. 3 for
the stiffest asymmetry term (�2, top panel) and the softest
asymmetry term (SKM, bottom panel). By construction,
Ri��� describes the evolution of isospin asymmetry for
the projectiles (112Sn or 124Sn) in the mixed reactions
relative to that for the symmetric 124Sn� 124Sn (with
Ri � 1) and 112Sn� 112Sn (Ri � 	1) systems. The
widths of the bands reflect the statistical uncertainties
of the calculated values. Initially, Ri��� � 1 for 124Sn and
Ri��� � 	1 for 112Sn projectile. Subsequent isospin dif-
fusion drives the Ri��� values towards zero. Even though
preequilibrium emission from the projectile remnants
influences h�i, Ri��� is not strongly modified because
preequilibrium emission is largely target independent
and therefore canceled in Ri��� by construction.

The influence of the asymmetry term depends on its
magnitude at subsaturation density [24,26]. For the top
panel, Esym;int=A � Csym��=�o�

2 decreases rapidly at low
density and becomes very small, leading to little
isospin diffusion. For the bottom panel, Esym;int=A �
38:5��=�0� 	 21:0��=�0�

2 remains larger at low density,
leading to stronger isospin diffusion and driving the
residues to approximately the same isospin asymmetry.
In both cases, the asymptotic value for Ri��� is first
reached at around 100 fm=c when the two residues sepa-
rate and cease exchanging nucleons as illustrated by the
time evolution images of the collisions for the 124Sn�
124Sn system. This time scale is comparable to the colli-
sion time scale �coll,

FIG. 2. Measured (shaded bars) and calculated (points) val-
ues for Ri. The labels on the calculated values represent the
density dependence of Esym;int=A with increasing ‘‘softness’’
from left to right.
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FIG. 3 (color). Ri��� from BUU calculations are plotted as a
function of time for the mixed systems. Note, Eq. (2) renorm-
alizes the symmetric systems to �1 and 	1 automatically. The
top and bottom panels show the calculated results with
E sym;int=A � 12:125��=�0�

2 and Esym;int=A � 38:5��=�0� 	

21:0��=�0�
2, respectively. The bands above (below) zero repre-

sent the system with 124Sn (112Sn) as the projectile. Images of
the time evolution of collisions for the 124Sn� 124Sn system are
superimposed on the upper panel suggesting that the projectile
and target separate at around 100 fm=c.
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Comparison to BUU97 (B. A. Li):
asy-stiff γ ∼2

x = α (left) and R7 (right ∗)
both agree in QP region
y/ybeam > 0.7 (Tsang PRL 102 (2004)

122701)

achieved, then the ratios RiðXAþBÞ ¼ RiðXBþAÞ � 0 for the
mixed systems.

Equation (3) dictates that different observables, X,
provide the same results if they are linearly related [17].
The agreement of experimental isospin transport ratios
obtained from isoscaling parameters, �, [16] and from
yield ratios of A ¼ 7 mirror nuclei [17], R7 ¼ RifX7 ¼
ln½Yð7LiÞ=Yð7BeÞ�g agree, i.e., Rið�Þ ffi R7, reflects linear
relationships between �, X7, and the asymmetry � of the
emitting source [17]. This relationship also holds for frag-
ments produced after sequential decays [24]. For emission
at a specific rapidity y, we assume Rð�Þ ¼ Rð�Þ ¼ R7 to
be valid, as has been confirmed experimentally [17,24] and
theoretically for all statistical and dynamical calculations
[25–27]. BUU calculations use the asymmetry of the pro-
jectile residues [16] to constructRið�Þ. In the following, we
calculate � from the asymmetry of the emitted fragments
and free nucleons but our conclusions do not significantly
change if fragments alone are used to calculate �.

Experimental isospin diffusion transport ratios, Rið�Þ,
plotted as shaded regions in the left panel of Fig. 2, have
been obtained using Eq. (3) with isoscaling data from the
asymmetric collisions of 124Snþ 112Sn (top region) and
112Snþ 124Sn (bottom region) scaled by the symmetric
collisions of 124Snþ 124Sn, 112Snþ 112Sn [16]. We have
performed ImQMD calculations at impact parameters of
b ¼ 5, 6, 7, and 8 fm. The lines in the left panel of Fig. 2
show the predicted isospin transport ratio Rið�Þ as a func-
tion of impact parameter b for �i ¼ 0:35, 0.5, 0.75, 1, and
2. Faster equilibration occurs for smaller �i values which
correspond to larger symmetry energies at subsaturation
densities. Thus we see a monotonic decrease of the abso-
lute value of Rið�Þ with decreasing �i. Cross-section esti-

mates suggest that the isospin diffusion data cover the
impact parameter range of 5.8 to 7.5 fm [17] and the data
primarily reflects contributions from impact parameters of
b ¼ 6 to 7 fm. We have performed the �2 analysis for both
impact parameters. Compared to Fig. 1, the �2 minima are
lower and the dependence on �i are steeper. Using the
same 2� criterion, the analysis brackets the regions 0:45 �
�i � 1:0 and 0:35 � �i � 0:8 for b ¼ 6 and 7 fm,
respectively.
Unlike BUU calculations, ImQMD calculations provide

predictions for fragment yields as a function of rapidity.
The star symbols in the right panel of Fig. 2 represent
measured values of R7 obtained from the yield ratios of 7Li
and 7Be [17] at b ¼ 6 fm, as shown by the lines. This first
calculation of the shapes and magnitude of the rapidity
dependence of the isospin transport ratios R7 reproduces
the trends accurately. The corresponding �2 analysis with
calculations at b ¼ 6 and 7 fm favors the region 0:45 �
�i � 0:95.
Constraints on the exponent �i depends on the symmetry

energy at saturation density, S0 ¼ Sð�0Þ. Increasing S0 has
the same effect on the isospin transport ratio as decreasing
�i. To compare our results to constraints obtained from
nuclear masses and nuclear structure, we expand Sð�Þ
around the saturation density, �o,

Sð�Þ ¼ S0 þ L

3

�
�� �o

�o

�
þ Ksym

18

�
�� �o

�o

�
2 þ . . . ; (4)

where L andKsym are the slope and curvature parameters at

�o. For realistic parameterization of Sð�Þ, Ksym is strongly

correlated to L [4]. As the second term in Eq. (4) is much
larger than the third term, we believe L can be determined
more reliably than Ksym. Furthermore, the slope parameter,

L ¼ 3�0jdSð�Þ=d�j�0
¼ ½3=�0�p0, is related to p0, the

pressure from the symmetry energy for pure-neutron mat-
ter at saturation density. The symmetry pressure, p0, pro-
vides the dominant baryonic contribution to the pressure in
neutron stars at saturation density [1,11–13].
We have performed a series of ImQMD calculations at

b ¼ 6 fm with different values of �i and S0 to locate the
approximate boundaries in the S0 and L plane that satisfy
the 2� criterion in the �2 analysis of the isospin diffusion
data. The two diagonal lines in Fig. 3 represent estimates in
such an effort. Examination of the symmetry energy func-
tional formed along these boundaries, where the diffusion
rates are similar but S0 and L are different, reveal that
diffusion rates predominantly reflect the symmetry energy
at � � 0:5�0 and somewhat below. Even though the sen-
sitivity of constraints on S0 and L to differences between
m


n and m

p, and to the in-medium cross sections have not

been fully explored, BUU calculations for isospin diffusion
show much more sensitivity to S0 and L than to these other
quantities [28].
The dashed, dot-dashed, and solid lines centered around

S0 ¼ 30:1 MeV in Fig. 3 represents L values consistent

FIG. 2 (color online). Left panel: Comparison of experimental
isospin transport ratios [16] (shaded regions) to ImQMD results
(lines), as a function of impact parameter for different values of
�i. Right panel: Comparison of experimental isospin transport
ratios obtained from the yield ratios of A ¼ 7 isotopes [17] (star
symbols), as a function of the rapidity to ImQMD calculations
(lines) at b ¼ 6 fm.
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sorting variable

Ediss = Ec.m.− 1
2µV2

rel with
Vrel = Vrec

QP × Atot
Atarget

BNV shows that this variable
gives a good measure of the
impact parameter
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The isospin variable

(< N > / < Z >)CP =
∑

Nevts

∑
ν Nν/

∑
Nevts

∑
ν Pν

ν=H, He, Li, Be isotopes.
free protons are excluded, as neutrons are not measured.

Variable measured with particles (1) forward in the NN frame and
(2) forward in the QP frame.

The latter value is compared with the results of a BNV calculation,
after de-excitation of the QP* using the SIMON code of D. Durand.
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When considering the 4 systems

A better overall agreement is
obtained with the asy-stiff EOS,

in which the potential term of the
symmetry energy varies linearly
with the density.
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The values of < N >/< Z >)CP
forward of the NN velocity
(dominated by MR particles) and
forward in the QP frame (QP
evaporation) become equal at
high dissipation
(Ediss/Ec.m. ∼0.75); this is a
good indication that we did
observe the N/Z equilibration of
the system, and should sign an
asy-stiff EOS.
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n/p ratio at Fermi energies

This variable is directly sensitive to the symmetry energy, due
to the opposite signs of the neutron and proton symmetry
potentials. The most important information comes from high
energy (early emitted) nucleons.
Experimentally studied by the MSU group: they look at c.m. p
and n energy spectra for 70◦ < θcm < 110◦, in central
collisions. They take into account the n and p contained in
light clusters.
To minimize uncertainties due to the different apparatuses,
calibrations, efficiencies for n and p measurements, they use
double ratios of spectra:

DR(n/p) = Rn/p(H)/Rn/p(L)
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Experimentally studied by the MSU group: they look at c.m. p
and n energy spectra for 70◦ < θcm < 110◦, in central
collisions. They take into account the n and p contained in
light clusters.
To minimize uncertainties due to the different apparatuses,
calibrations, efficiencies for n and p measurements, they use
double ratios of spectra:

DR(n/p) = Rn/p(H)/Rn/p(L)
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50 AMeV 124Sn+124Sn and 112Sn+112Sn
to provide similar predictions for one body observables
[22]. However, fluctuations are averaged out by the parallel
calculations in BUU involving test particles. In the QMD
approach, the N-body equations for nucleons are solved
event by event. This enhances the importance of fluctua-
tions and correlations in QMD and provides a mechanism
to calculate the production of complex nuclei. At incident
energies of E=A ¼ 50 MeV where the present studies are
conducted, cross-sections for production of complex nuclei
are significant and the influence of cluster production
cannot be neglected [21]. This makes direct comparisons
of data to QMD models more straightforward than for
BUU models.

We first turn our attention to the interpretation of neu-
tron/proton double ratio data within the ImQMD model
[21]. This observable derives its sensitivity to the symme-
try energy directly from the opposite sign of the symmetry
potential for neutrons as compared to protons [23]. First
experimental comparisons of neutron to proton spectra in
Ref. [18] used a double ratio in order to reduce sensitivity
to uncertainties in the neutron detection efficiencies and
sensitivity to relative uncertainties in energy calibrations of
neutrons and protons. This double ratio,

DR ðYðnÞ=YðpÞÞ ¼ Rn=pðAÞ=Rn=pðBÞ

¼ dMnðAÞ=dEc:m:

dMpðAÞ=dEc:m:

� dMpðBÞ=dEc:m:

dMnðBÞ=dEc:m:

;

(2)

is constructed from the ratios of energy spectra, dM=dEc:m:

of neutrons and protons for two systems A and B charac-
terized by different isospin asymmetries. The star symbols
in the left panel of Fig. 1 show the neutron-proton double
ratios measured at 70� � �c:m: � 110� as a function of
center-of-mass (c.m.) energy of nucleons emitted from
the central collisions of 124Snþ 124Sn and 112Snþ 112Sn
[18].

We have performed calculations for two systems: A ¼
124Snþ 124Sn and B ¼ 112Snþ 112Sn. About 60 000
events have been simulated for each impact parameter.
Within the statistical uncertainties, the double ratio observ-
able, DRðYðnÞ=YðpÞÞ, is nearly independent of impact
parameter over a range of 1 fm � b � 5 fm. The lines in
the left panel of Fig. 1 show double ratios vs the c.m.
energy of nucleons for �i ¼ 0:35, 0.5, 0.75, 1 and 2 aver-
aged over b ¼ 1, 2, 3 fm. The computation uncertainties in
Fig. 1 are statistical. Despite the large experimental un-
certainties for higher energy data, these comparisons def-
initely rule out both very soft (�i ¼ 0:35, dotted line with
open diamond points) and very stiff (�i ¼ 2, dotted line
with closed diamond symbols) density-dependent symme-
try terms. The right panel shows the dependence on �i of
the total �2 computed from the difference between pre-
dicted and measured double ratios. We determine, to within
a 2� uncertainty, parameter values of 0:4 � �i � 1:05

corresponding to an increase in �2 by 4 above its minimum
near �i � 0:7.
At subnormal density, higher symmetry energy, which

enhances the emission of neutrons, are associated with
decreasing �i. Therefore, DRðYðnÞ=YðpÞÞ should increase
with decreasing �i. However, in the limit of very small
�i � 0:35, the system completely disintegrates.
DRðYðnÞ=YðpÞÞ decreases and approaches the limit of
Ntotal=Ztotal ¼ 1:2. As a consequence of these two compet-
ing effects, the double ratio values peak around �i � 0:7.
The density dependence of the symmetry energy has

also been probed in peripheral collisions between two
nuclei with different isospin asymmetries by examining
the diffusion of neutrons and protons across the neck that
joins them. This ‘‘isospin diffusion’’ generally continues
until the two nuclei separate or until the chemical poten-
tials for neutrons and protons in both nuclei become equal.
To isolate diffusion effects from other effects, such as
preequilibrium emission, Coulomb effects and secondary
decays, measurements of isospin diffusion compare
‘‘mixed’’ collisions, involving a neutron-rich nucleus A
and a neutron-deficient nucleus B, to the ‘‘symmetric’’
collisions involving Aþ A and Bþ B. The degree of iso-
spin equilibration in such collisions can be quantified by
rescaling the isospin observable X according to the isospin
transport ratio RiðXÞ [16]

RiðXÞ ¼ 2
X� ðXAþA þ XBþBÞ=2

XAþA � XBþB

; (3)

where X is the isospin observable. In the absence of isospin
diffusion, the ratios are RiðXAþBÞ ¼ RiðXAþAÞ ¼ 1 and
RiðXBþBÞ ¼ RiðXBþAÞ ¼ �1. If isospin equilibrium is

FIG. 1 (color online). Left panel: Comparison of experimental
double neutron-proton ratios [18] (star symbols), as a function of
nucleon center-of-mass energy, to ImQMD calculations (lines)
with different density dependencies of the symmetry energy
parameterized by �i in Eq. (1). Right panel: A plot of �2 as a
function of �i.
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Compare with the ImQMD code,
varying the symmetry energy term
Within a 2σ uncertainty, the result is
0.5 ≤ γ ≤ 1.05, with best value 0.7.
Same value as that obtained from
isospin diffusion
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n/p ratio: comparison with transport codes
Zhang al. PLB 664 (2008) 145

50 AMeV 124Sn+124Sn and 112Sn+112Sn
Comparison with other codes (Bao-An Li 1997 and 2004):
IBUU04 fails, BUU97 indicates a soft asy-EOS γ=0.5.
BUUs results disagree with those from isospin diffusionY. Zhang et al. / Physics Letters B 664 (2008) 145–148 147

Fig. 3. (Color online.) The free neutron–proton double-ratio (left panel), and the co-
alescence-invariant neutron–proton double-ratios (right panel) plotted as a function
of kinetic energy of the nucleons. The shaded regions represent calculated results
from the ImQMD simulations at b = 2 fm. More details are given in the text. The
data (star points) are taken from Ref. [15].

To facilitate comparisons to existing and future transport model
calculations, we restrict our calculations to b = 2 fm in this Let-
ter. (Calculations with experimental central multiplicity gates im-
posed on impact parameter averaged events yield results which
are consistent with those for b = 2 fm, within statistical uncertain-
ties.) While the various uncertainties of the calculations are too
large to allow for rigorous comparisons with data (see the dis-
cussion below), some comparisons with data [15] will be shown
to provide context for the discussion. The shaded regions in the
left panel of Fig. 3 represent the range, determined by uncer-
tainties in the simulations, of predicted double ratios D R(n/p) =
Rn/p(124)/Rn/p(112), as a function of the nucleon center of mass
energy, for two different density dependencies of the symmetry
potential: for γi = 0.5 (upper shaded region) and for γi = 2 (lower
shaded region). All calculated results exceed the no-sensitivity
limit of D R(n/p) = NA ZB/(NB ZA) = 1.2 (dotted lines) given by
conservation laws. As expected, the double ratios D R(n/p) are
higher for γi = 0.5, which yields weaker dependence of symme-
try energy on density. The measured [15] double ratios D R(n/p)

are plotted as solid stars for comparison. Both calculations yield
results, which increase in values with kinetic energy as observed
in the data.

To examine the influence of sequential decays, we have simu-
lated decays of fragments created in the collisions using the Gem-
ini code [27]. Sequential decays mainly enhance the single ratios
for low energy protons and neutrons, but such effects are largely
suppressed in the double ratios. This underscores the utility of
double ratios for comparisons of calculated and measured neutron
and proton spectra at energies where the secondary decay contri-
butions may be small but uncertain.

For comparisons to models that do not include clusters such
as the BUU calculations discussed below, coalescence-invariant
D R(n/p) are used. These double ratios are constructed by in-
cluding all neutrons and protons emitted at a given velocity, re-
gardless of whether they are emitted free or within a cluster.
The data, shown as open stars in the right panel of Fig. 3, in-
crease monotonically from the no-sensitivity limit D R(n/p) ≈ 1.2
and attain values at large Ec.m. consistent with data shown in
the left panel of Fig. 3 for free nucleons. The corresponding
coalescence-invariant n–p double ratios using the fragments pro-

Fig. 4. (Color online.) Coalescence-invariant neutron–proton double ratios plotted as
a function of kinetic energy of the nucleons. The shaded regions represent calcula-
tions from the BUU97 simulations taken from Ref. [16]. The solid and dashed lines
represent the results of IBUU04 calculations at b = 2 fm, from Ref. [17]. The stars
represent data of Ref. [15].

duced in the ImQMD simulations are plotted as shaded regions
in the right panel in Fig. 3. Here, the measured fragments with
Z > 2 mainly contribute to the low energy spectra and do not
affect the high-energy spectra very much. The predicted ImQMD
coalescence-invariant double-ratios for γi = 2 change only slightly
at low Ec.m. compared to free nucleons. On the other hand, the
coalescence-invariant double-ratios for γi = 0.5 decrease by nearly
a factor of two at low Ec.m. and approach the no-sensitivity limit
of D R(n/p) ≈ 1.2 as Ec.m. decreases. In both cases, the ImQMD
calculations at Ec.m./A > 40 MeV retain sensitivity to the den-
sity dependence. Over the whole energy range for both free and
coalescence-invariant D R(n/p), the data seem closer to the γi =
0.5 calculation but the uncertainties in the measured values are
rather large at Ec.m. > 40 MeV, where the effects of cluster emis-
sion and secondary decays turn out to be small, as discussed be-
low. More accurate measurements would be needed to distinguish
between the γi = 0.5 and γi = 2 calculations; such measurements
should be feasible with a well-designed and dedicated setup.

Preceding theoretical studies of Rn/p utilized two BUU models,
BUU97 [16] and IBUU04 [17] that make no predictions for com-
plex fragment formation. The density dependencies of the symme-
try energies employed in IBUU04 (x = 0 and x = −1) and BUU97
(F1 and F3) are shown with the dot-dashed and dotted lines in
the right panel of Fig. 1. The symmetry energy density depen-
dence of F1 is very similar to that for x = −1 and the symmetry
energy density dependence of F3 is softer than that for x = 0.
More importantly, the IBUU04 code includes: mean field momen-
tum dependencies consistent with the Lane potential, in-medium
nucleon–nucleon cross sections either coinciding with those in free
space or incorporating density-dependent modifications that are
not included in BUU97. The published BUU97 calculations were
performed over a range of impact parameters of b = 0–5 fm [16]
while the IBUU04 calculations were carried out at b = 2 fm [17], as
the present calculations. The solid and dashed lines in Fig. 4 rep-
resent the latest IBUU04 calculations with parameters (x = 0 and
x = −1) from Ref. [17]. Those lines bracket the isospin diffusion
data of Ref. [14]. The shaded regions represent predictions from
BUU97 calculations performed in Ref. [16] for two symmetry en-
ergy functions, F1 and F3. Irrespectively of the large uncertainties
for the BUU97 calculations, it is apparent that the BUU97 results

146 Y. Zhang et al. / Physics Letters B 664 (2008) 145–148

rived from an energy functional with the potential energy U that
includes the full Skyrme potential energy with just the spin–orbit
term omitted:

U = Uρ + Umd + Ucoul. (1)

In the above, Ucoul is the Coulomb energy. The nuclear contribu-
tions are represented in a local form with

Uρ,md =
∫

uρ,md d3r. (2)

With the density of interaction contribution to the symmetry en-
ergy Cs

2 (
ρ
ρ0

)γi δ2ρ of uniform matter included

uρ = α

2

ρ2

ρ0
+ β

η + 1

ρη+1

ρ
η
0

+ gsur

2ρ0
(∇ρ)2

+ gsur,iso

ρ0

[∇(ρn − ρp)
]2 + Cs

2

(
ρ

ρ0

)γi

δ2ρ + gρτ
ρ8/3

ρ
5/3
0

, (3)

where, the asymmetry is defined as δ = (ρn − ρp)/(ρn + ρp), and
ρn and ρp are the neutron and proton densities, respectively. The
energy density associated with the mean-field momentum depen-
dence is given by

umd = 1

2ρ0

∑
N1,N2=n,p

1

16π6

∫
d3 p1 d3 p2 f N1 (�p1) f N2 (�p2)

× 1.57
[
ln

(
1 + 5 × 10−4(
p)2)]2

, (4)

where f N are nucleon Wigner functions, 
p = |�p1 − �p2|. The en-
ergy density is in MeV/fm3 and momenta are in MeV/c. The as-
sociated mean fields acting on the wavepackets can be found in
Ref. [25]. In this work, the values of α = −356 MeV, β = 303 MeV
and η = 7/6 are employed, corresponding to an isoscalar com-
pressibility constant of K = 200 MeV. Other parameter values are
gsur = 19.47 MeV fm2, gsuriso = −11.35 MeV fm2, Cs = 35.19 MeV,
and gρτ = 0 MeV. These calculations use isospin-dependent in-
medium nucleon–nucleon scattering cross sections in the collision
term and employ Pauli blocking effects that are described in [23,
24,26]. Cluster yields are calculated by means of the coalescence
model, widely used in QMD calculations, in which particles with
relative momenta smaller than P0 and relative distances smaller
than R0 are coalesced into one cluster. In the present work, the
values of R0 = 3.5 fm and P0 = 250 MeV/c are employed.

As a consequence of the above assumptions, the symmetry en-
ergy per nucleon employed in the simulations is a sum of kinetic
and interaction terms:

Esym(ρ)/A = 1

3

h̄2

2m
ρ

2/3
0

(
3π2

2

ρ

ρ0

)2/3

+ Cs

2

(
ρ

ρ0

)γi

, (5)

where m is the nucleon mass. The symmetry energy for the
present ImQMD calculations (solid lines) is plotted as a function of
density in Fig. 1 for γi = 0.5 and 2. The symmetry energy values
increase with decreasing γi at subsaturation densities while the
opposite is true at suprasaturation densities. At any density, higher
values of symmetry energy tend to drive systems more rapidly
towards isospin symmetry, resulting in higher values of Rn/p for
neutron rich systems.

We have performed calculations of central collisions at an im-
pact parameter of b = 2 fm and an incident energy of 50 MeV per
nucleon for two systems: A = 124Sn + 124Sn and B = 112Sn + 112Sn.
In central collisions at this incident energy, particles are mostly
emitted when the system expands and breaks up at sub-saturation
densities. While the ratios of total emitted neutron over total emit-
ted proton numbers are fixed by conservation laws, the important
symmetry energy information is contained in the pre-equilibrium

Fig. 1. (Color online.) Symmetry energy per nucleon plotted as a function of density.
The dot-dashed lines labeled x = 0 and x = −1 in both panels represent the sym-
metry energies used in IBUU04 calculations [17]. The solid lines labeled γi = 0.5,
and γi = 2.0 in the left panel represent the symmetry energies used in the current
ImQMD simulations as defined in Eq. (5). The dotted lines in the right panel labeled
F1 and F3 represent the symmetry energies used in BUU97 calculations [16].

Fig. 2. (Color online.) The ratio of neutron to proton yields for the 112Sn + 112Sn
reaction (left panel) and the 124Sn + 124Sn reaction (right panel) as a function of
the kinetic energy, for free nucleons emitted at 70◦ � θc.m. � 110◦ . The open (solid)
symbols represent results from simulations using γi = 0.5 (γi = 2.0) as defined in
Eq. (5).

emission of nucleons from the early evolution of asymmetric sys-
tem, which dominates at high center of mass (c.m.) energies at
θc.m. ≈ 90◦ . The right and left panels of Fig. 2 show Rn/p(124)

and Rn/p(112) for the 124Sn + 124Sn and 112Sn + 112Sn collisions,
respectively, as a function of the c.m. energy of nucleons emit-
ted at 70◦ � θc.m. � 110◦ . The open and solid symbols repre-
sent Rn/p values calculated using the softer (γi = 0.5) and stiffer
(γi = 2) density-dependent symmetry terms, respectively. As ex-
pected, more pre-equilibrium neutrons get emitted from the neu-
tron rich 124Sn + 124Sn system. Relatively more pre-equilibrium
neutrons are also emitted in the calculations with the softer
density-dependent symmetry energy reflecting the fact that the
emission occurs predominantly at sub-saturation density. The un-
certainties for these calculations in Fig. 2 and in the subsequent
figures are statistical.
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Another feature observed at this beam energy is the
existence of a radial collective flow [24], as evidenced in
Fig. 1 (top right panel) where the correlation between fragment
velocity and radial distance is shown.

As discussed in the Introduction the main idea is to
investigate correlations between fragment asymmetry and
velocity (or kinetic energy) originating from the breakup of a
composite expanding source. Because of the symmetry energy
one expects a different radial flow for neutrons and protons, and
the N/Z composition of the source should not be uniform, but
should depend on the radial distance from the center of mass
or, equivalently, on the local velocity. This trend should then
also be reflected in the fragment asymmetries as a function of
their kinetic energy. The existence of such correlations can be
qualitatively seen in Fig. 1 (bottom panels), where the fragment
asymmetry, I , is plotted as a function of the radial distance
and velocity. It is observed that the asymmetry decreases
with the radial distance, indicating a different proton/neutron
radial distribution in the fragmenting source (bottom left).
Because radial distance and velocity are correlated (top right),
this implies correlations between fragment asymmetry and
velocity, as seen in the bottom right part of Fig. 1.

In the following we undergo a more quantitative analysis to
better investigate this correlation.

B. Isospin effects: Distillation

We next discuss the isotopic content of fragments and
emitted nucleons, as obtained with the two symmetry energies
considered. The average N/Z of emitted nucleons (gas phase)
and of the IMFs is presented in Fig. 2 as a function of the
initial asymmetry, (N/Z)in, of the three colliding systems.
Generally, the gas phase is seen to be more neutron-rich while
the IMFs are more symmetric. This is a demonstration of the
complementarity between gas and liquid phases with respect
to the symmetry energy, as discussed earlier. This trend is
stronger in the asysoft relative to the asystiff case, because
the symmetry energy is larger below saturation in the former
case [11]. The difference between the asymmetries of the gas
and liquid phases increases with the (N/Z)in of the system
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FIG. 2. The asymmetry N/Z of the gas (circles) and of the
liquid (squares) phase for central Sn + Sn collisions with different
initial N/Z. Solid lines and solid symbols refer to the asystiff
parametrization, and dashed lines and open symbols refer to the
asysoft parametrization.

and is always larger in the asysoft case. Hence, while the gas
phase is more neutron-rich in the asysoft case, the asystiff
parametrization leads to a more asymmetric liquid phase.
In the asystiff case, the difference of asymmetries between
the two phases is seen to be negative for the neutron-poor
system (112Sn + 112Sn). Here, Coulomb effects dominate the
rather low value of the symmetry energy and protons are
preferentially emitted. It should also be noticed that the
isotopic content of the gas phase appears more sensitive to
the iso-EOS than the asymmetry of the fragments. As one can
see from Fig. 2, for the IMFs the difference between the two
EOSs is about 8%.

C. Correlations with fragment kinetic energy

Now we discuss in more detail the correlations between
fragment isotopic content and kinematic properties. Effects
due to the Coulomb repulsion at the freeze-out configuration
and thermal fluctuations have been included in the evaluation
of the fragment kinetic energy, see Refs. [24] and [25], where
a good agreement has been found with experimental data of
similar reactions. As a measure of the isotopic composition of
the IMFs we consider the sums of neutrons, N = ∑

i Ni , and
protons, Z = ∑

i Zi , of all IMFs in a given kinetic energy
bin (here taken as 1.5 MeV/nucleon) in each event. Then
we take the ratio N/Z and consider the average over the
ensemble of events. In Fig. 3 we report the dependence
of this fragment asymmetry on the kinetic energy for the
three reactions for the two parametrizations of the symmetry
energy. We see a clear dependence on the symmetry energy as
expected: the magnitude of the fragment asymmetry changes
with the symmetry energy, but also with the slope of the energy
dependence. One observes that the slopes of the curves in
Fig. 3 appear particularly characteristic of the asymmetry
of the initial system and of the stiffness of the symmetry
energy. In fact, we expect two opposing trends: The Coulomb
energy alone will accelerate the more proton-rich fragments.
Thus the slope of the curve N/Z(Ekin) will be negative,
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FIG. 3. (Color online) The fragment asymmetry N/Z (see text)
as a function of the kinetic energy for different symmetric Sn + Sn
collisions at b = 2 fm, E/A = 50 MeV/nucleon. Solid lines are for
the asystiff and dashed lines for the asysoft symmetry energy, and the
different symbols distinguish the different collision systems.
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Another feature observed at this beam energy is the
existence of a radial collective flow [24], as evidenced in
Fig. 1 (top right panel) where the correlation between fragment
velocity and radial distance is shown.

As discussed in the Introduction the main idea is to
investigate correlations between fragment asymmetry and
velocity (or kinetic energy) originating from the breakup of a
composite expanding source. Because of the symmetry energy
one expects a different radial flow for neutrons and protons, and
the N/Z composition of the source should not be uniform, but
should depend on the radial distance from the center of mass
or, equivalently, on the local velocity. This trend should then
also be reflected in the fragment asymmetries as a function of
their kinetic energy. The existence of such correlations can be
qualitatively seen in Fig. 1 (bottom panels), where the fragment
asymmetry, I , is plotted as a function of the radial distance
and velocity. It is observed that the asymmetry decreases
with the radial distance, indicating a different proton/neutron
radial distribution in the fragmenting source (bottom left).
Because radial distance and velocity are correlated (top right),
this implies correlations between fragment asymmetry and
velocity, as seen in the bottom right part of Fig. 1.

In the following we undergo a more quantitative analysis to
better investigate this correlation.

B. Isospin effects: Distillation

We next discuss the isotopic content of fragments and
emitted nucleons, as obtained with the two symmetry energies
considered. The average N/Z of emitted nucleons (gas phase)
and of the IMFs is presented in Fig. 2 as a function of the
initial asymmetry, (N/Z)in, of the three colliding systems.
Generally, the gas phase is seen to be more neutron-rich while
the IMFs are more symmetric. This is a demonstration of the
complementarity between gas and liquid phases with respect
to the symmetry energy, as discussed earlier. This trend is
stronger in the asysoft relative to the asystiff case, because
the symmetry energy is larger below saturation in the former
case [11]. The difference between the asymmetries of the gas
and liquid phases increases with the (N/Z)in of the system
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FIG. 2. The asymmetry N/Z of the gas (circles) and of the
liquid (squares) phase for central Sn + Sn collisions with different
initial N/Z. Solid lines and solid symbols refer to the asystiff
parametrization, and dashed lines and open symbols refer to the
asysoft parametrization.

and is always larger in the asysoft case. Hence, while the gas
phase is more neutron-rich in the asysoft case, the asystiff
parametrization leads to a more asymmetric liquid phase.
In the asystiff case, the difference of asymmetries between
the two phases is seen to be negative for the neutron-poor
system (112Sn + 112Sn). Here, Coulomb effects dominate the
rather low value of the symmetry energy and protons are
preferentially emitted. It should also be noticed that the
isotopic content of the gas phase appears more sensitive to
the iso-EOS than the asymmetry of the fragments. As one can
see from Fig. 2, for the IMFs the difference between the two
EOSs is about 8%.

C. Correlations with fragment kinetic energy

Now we discuss in more detail the correlations between
fragment isotopic content and kinematic properties. Effects
due to the Coulomb repulsion at the freeze-out configuration
and thermal fluctuations have been included in the evaluation
of the fragment kinetic energy, see Refs. [24] and [25], where
a good agreement has been found with experimental data of
similar reactions. As a measure of the isotopic composition of
the IMFs we consider the sums of neutrons, N = ∑

i Ni , and
protons, Z = ∑

i Zi , of all IMFs in a given kinetic energy
bin (here taken as 1.5 MeV/nucleon) in each event. Then
we take the ratio N/Z and consider the average over the
ensemble of events. In Fig. 3 we report the dependence
of this fragment asymmetry on the kinetic energy for the
three reactions for the two parametrizations of the symmetry
energy. We see a clear dependence on the symmetry energy as
expected: the magnitude of the fragment asymmetry changes
with the symmetry energy, but also with the slope of the energy
dependence. One observes that the slopes of the curves in
Fig. 3 appear particularly characteristic of the asymmetry
of the initial system and of the stiffness of the symmetry
energy. In fact, we expect two opposing trends: The Coulomb
energy alone will accelerate the more proton-rich fragments.
Thus the slope of the curve N/Z(Ekin) will be negative,
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FIG. 3. (Color online) The fragment asymmetry N/Z (see text)
as a function of the kinetic energy for different symmetric Sn + Sn
collisions at b = 2 fm, E/A = 50 MeV/nucleon. Solid lines are for
the asystiff and dashed lines for the asysoft symmetry energy, and the
different symbols distinguish the different collision systems.
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(N/Z)i(E0), the N/Z double ratio is governed by the ratio
(N/Z)2(E0)/N/Z)1(E0). On the other hand, the shifted N/Z

double ratio in the above simple parametrization is equal
to the ratio of the corresponding slopes, m2/m1. Hence
the two observables bear complementary information on the
symmetry energy effects on the fragment isotopic properties:
the unshifted double ratio to the change of the magnitudes
and the shifted double ratio to the change of the slopes.
Because, according to our simulations, the symmetry energy
is particularly effective in changing the slopes rather than the
magnitude of the (N/Z) ratios, this leads to a larger sensitivity
of DRs (about 50%) for the systems considered here.

In the above simple model, DRs would be constant with
energy, but, as seen in the bottom panels of Fig. 4, this is not
so, because of the deviation of the curves in Fig. 3 from a linear
behavior. For a more quantitative comparison we have made
linear fits to the curves in Fig. 3 and shown the (constant) ratio
of the slopes in the two lower panels of Fig. 4 as points on the
right-hand frame. It is seen that the sensitivity to the symmetry
energy remains also for the ratio of the fitted slopes.

One may also notice that, at variance with what is seen
for the standard double ratio DR, the sensitivity of DRs

to the symmetry energy choice does not increase much
for the neutron-richer 132Sn + 132Sn system with respect to
the 124Sn + 124Sn case (see Fig. 4). This is due to the
competing effect of the neutron emission, which leads to a
different N/Z composition of the liquid phase, depending
on the iso-EOS considered, especially for the neutron-rich
132Sn + 132Sn system. While the effects of the symmetry
energy on the kinematics would be larger in the asysoft case,
the effective asymmetry of the liquid phase is smaller, reducing
the sensitivity of DRs to the iso-EOS. On the other hand, the
different N/Z composition of the liquid phase is reflected in
the standard double ratio, which indeed is more sensitive to
the symmetry energy choice in the 132Sn + 132Sn case (see
Fig. 4). Also from this point of view, the two double ratios
are complementary and deserve to be investigated at the same
time.

E. Secondary decay effects

From the experimental point of view, the investigation of
the effects discussed here would require the reconstruction
of primary fragments through correlation techniques [26] and
neutron detection, which is very involved. One could think
of performing the same analysis for the final IMFs; however,
isospin effects are expected to be reduced by the fragment
secondary decay.

To check these secondary decay effects on the N/Z double
ratios, we have followed the deexcitation process of the
primary IMFs. For this we have calculated the excitation
energy of the fragments in each event (which is found to
be about 1.5 MeV/nucleon on the average) and used the
statistical evaporation code SIMON [27] for the decay. The
(single) fragment N/Z ratios for the secondary fragments
are shown in Fig. 5 in the same format as in Fig. 3 for the
primary fragments. The final fragment N/Z ratio is found to
be reduced by the secondary decay, because of the abundant
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FIG. 5. (Color online) Final fragment asymmetry N/Z, i.e., after
evaporation, as a function of the kinetic energy in the same format as
in Fig. 3. Solid lines are for the asystiff and dashed lines are for the
asysoft symmetry energy, and the different symbols distinguish the
different collision systems.

neutron evaporation. It approximately follows the relation
(N/Z)fin ≈ α(N/Z) + β, with α and β not depending much on
the fragment kinetic energy and initial asymmetry (α ≈ 0.55
and β ≈ 0.45). It is also seen that a linear energy dependence
is less well fulfilled than for the primary fragments, in
particular for low kinetic energies. However, one can still
appreciate the evolution of the N/Z energy dependence with
the neutron richness of the initial systems and the difference
between the predictions of the two iso-EOSs, though the
sensitivity is reduced with respect to primary fragments
(compare Figs. 3 and 5).

We mention that, as far as the final fragment N/Z is
concerned, results may depend on the evaporation code
considered. Indeed, the code GEMINI [28] predicts values
slightly lower, by about 3%, than the results obtained with
the code SIMON. However, a similar sensitivity to the iso-EOS
is maintained.
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FIG. 6. (Color online) Same as in Fig. 4, but for the fragments
after evaporation.

064618-5

Final fragments : Some differences is expected to persist after
fragment de-excitation.

Analyses in progress at MSU and Orsay/Laval (PhD of F.
Gagnon-Moisan)



Introduction

Statistical
framework

the EOS of
asymmetric
nuclear matter -
transport codes

Competition of
reaction
mechanisms

Isospin diffusion

n/p ratios

Isospin distillation

Neck
fragmentation at
Fermi energies

Neutron skin

Constraint on the
EOS at
supra-saturation
density

Summary

Neck fragmentation at Fermi energies

Neck dynamics observed at energies 15-50 AMeV in
semi-peripheral collisions: large cross sections.
It concerns light products (Z<10) emitted in the interaction zone,
with a velocity intermediate between those of the 2 main partners
(PLF/TLF)
Characterized by alignment of PLF, TLF and neck fragments:
max. of in-plane angular distribution at Φplane = 0

V. Baran et al. stochastic 
BNV calculations

Correlations 
between alignements 
and N/Z fragments 
properties

Alignement vs N/Z properties Preliminary

Reaction plane

TLF*

PLF*

Vbeam
Separation axis

Fission axis

ΦΦΦΦplane

Φ-plane

Li

CB

124Sn + 64Ni 112Sn + 58Ni

Be



Introduction

Statistical
framework

the EOS of
asymmetric
nuclear matter -
transport codes

Competition of
reaction
mechanisms

Isospin diffusion

n/p ratios

Isospin distillation

Neck
fragmentation at
Fermi energies

Neutron skin

Constraint on the
EOS at
supra-saturation
density

Summary

Neck fragmentation at Fermi energies

Isospin transport effects: neck fragments produced in a slightly
dilute region, ρ0/2 < ρ < ρ0, in contact with normal density
PLF/TLF : effects of drift coefficient.

p and n move now in opposite
directions:
p from neck to PLF/TLF
Larger n flow with asy-stiff EOS
neck-IMF more n-rich than MF-IMF



Introduction

Statistical
framework

the EOS of
asymmetric
nuclear matter -
transport codes

Competition of
reaction
mechanisms

Isospin diffusion

n/p ratios

Isospin distillation

Neck
fragmentation at
Fermi energies

Neutron skin

Constraint on the
EOS at
supra-saturation
density

Summary

Neck fragmentation at Fermi energies

CHIMERA data
NeckIMF N/Z vs alignment

BNV: V. Baran e 

M. Di Toro

124Sn+64Ni

112Sn+58Ni

ΦΦΦΦplane= 0°����

Allineamento con la 

direzione dell’asse di 

separazione tra i due 

frammenti primari

vedi: LNS Act. Report 2006

Sensibilità delle osservabili di isospin al meccanismo di emissione

Stochastic BNV results
BNV: V. Baran e 

M. Di Toro

124Sn+64Ni

112Sn+58Ni

ΦΦΦΦplane= 0°����

Allineamento con la 

direzione dell’asse di 

separazione tra i due 

frammenti primari

vedi: LNS Act. Report 2006
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Better agreement with an
asy-stiff EOS around ρ0
(γ ≈ 1.6)
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Fig. 138. Density dependence of nuclear symmetry energy Esym(ρ) for 21 sets of Skyrme interaction parameters. The results from the MDI interaction
with x = −1 (open squares) and 0 (solid squares) are also shown. Taken from Ref. [72].

Fig. 139. Neutron skin thickness S of 208Pb as a function of (a) L, (b) Ksym , and (c) Esym(ρ0) for 21 sets of Skyrme interaction parameters. The line in panel
(a) represents a linear fit. Taken from Ref. [72].

The extracted value of L = 88 ± 25 MeV from isospin diffusion data gives a rather stringent constraint on the density
dependence of nuclear symmetry energy and thus puts strong constraints on the nuclear effective interactions as well. For
the Skyrme effective interactions shown in Fig. 138, for instance, all of those lie beyond x = 0 and x = −1 in the sub-
saturation region are not consistent with the extracted value of L. Actually, we note that only 4 sets of Skyrme interactions,
i.e., SIV , SV , Gσ , and Rσ , in the 21 sets of Skyrme interactions considered here have nuclear symmetry energies that are
consistent with the extracted L value.

8.2. Constraining the neutron skin thickness of heavy nuclei

The neutron skin thickness S of a nucleus is defined as the difference between the root-mean-square radii
√

〈rn〉 of
neutrons and

√〈
rp
〉
of protons, i.e.,

S =

√〈
r2n
〉
−

√〈
r2p
〉
. (8.3)

It has been known that S is sensitive to the density dependence of the nuclear symmetry energy, particularly the slope
parameter L at the normal nuclear matter density [22,72,222–226]. The neutron skin thickness of several nuclei have been
evaluated using above 21 sets of Skyrme interaction parameteres. In Fig. 139(a), (b) and (c), we show, respectively, the
correlations between the neutron skin thickness of 208Pb with L, Ksym, and Esym(ρ0). It is seen from Fig. 139(a) that there
exists an approximate linear correlation between S and L. The correlations of S with Ksym and Esym(ρ0) are less strong and
even exhibit some irregular behavior. The solid line in Fig. 139(a) is a linear fit to the correlation between S and L and is given
by the following expression:

S(208Pb) = (0.1066 ± 0.0019) + (0.00133 ± 3.76 × 10−5) × L, (8.4)

or

L = (−78.5 ± 3.2) + (740.4 ± 20.9) × S(208Pb), (8.5)

21 Skyrme forces (LW Chen et al

PRC72 (2005) 064309)
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Fig. 138. Density dependence of nuclear symmetry energy Esym(ρ) for 21 sets of Skyrme interaction parameters. The results from the MDI interaction
with x = −1 (open squares) and 0 (solid squares) are also shown. Taken from Ref. [72].

Fig. 139. Neutron skin thickness S of 208Pb as a function of (a) L, (b) Ksym , and (c) Esym(ρ0) for 21 sets of Skyrme interaction parameters. The line in panel
(a) represents a linear fit. Taken from Ref. [72].

The extracted value of L = 88 ± 25 MeV from isospin diffusion data gives a rather stringent constraint on the density
dependence of nuclear symmetry energy and thus puts strong constraints on the nuclear effective interactions as well. For
the Skyrme effective interactions shown in Fig. 138, for instance, all of those lie beyond x = 0 and x = −1 in the sub-
saturation region are not consistent with the extracted value of L. Actually, we note that only 4 sets of Skyrme interactions,
i.e., SIV , SV , Gσ , and Rσ , in the 21 sets of Skyrme interactions considered here have nuclear symmetry energies that are
consistent with the extracted L value.

8.2. Constraining the neutron skin thickness of heavy nuclei

The neutron skin thickness S of a nucleus is defined as the difference between the root-mean-square radii
√

〈rn〉 of
neutrons and

√〈
rp
〉
of protons, i.e.,

S =

√〈
r2n
〉
−

√〈
r2p
〉
. (8.3)

It has been known that S is sensitive to the density dependence of the nuclear symmetry energy, particularly the slope
parameter L at the normal nuclear matter density [22,72,222–226]. The neutron skin thickness of several nuclei have been
evaluated using above 21 sets of Skyrme interaction parameteres. In Fig. 139(a), (b) and (c), we show, respectively, the
correlations between the neutron skin thickness of 208Pb with L, Ksym, and Esym(ρ0). It is seen from Fig. 139(a) that there
exists an approximate linear correlation between S and L. The correlations of S with Ksym and Esym(ρ0) are less strong and
even exhibit some irregular behavior. The solid line in Fig. 139(a) is a linear fit to the correlation between S and L and is given
by the following expression:

S(208Pb) = (0.1066 ± 0.0019) + (0.00133 ± 3.76 × 10−5) × L, (8.4)

or

L = (−78.5 ± 3.2) + (740.4 ± 20.9) × S(208Pb), (8.5)
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derstood that the formation of the neutron skin is governed by
the density dependence of the nuclear symmetry energy [5–7].
Using the lowest terms in a Taylor expansion of the energy per
nucleon in asymmetric nuclear matter in terms of the density
ρ and the asymmetry parameter α = (N − Z)/A we obtain

E(ρ, α) = E(ρ, 0) + S2(ρ)α2 + · · · (1)

with the symmetry energy term S2 parametrized by

S2(ρ) = a4 + po

ρ2
o

(ρ − ρo) + · · · , (2)

where ρo denotes the saturation density. Evidently, a4 is
equivalent to the symmetry energy in pure neutron matter
and po to the symmetry energy pressure, both at saturation
density. In various relativistic and nonrelativistic mean-field
model parametrizations, the neutron-skin thickness for a given
nucleus is practically linearly correlated with both a4 and
po [6,25]; thus the two parameters are strongly correlated with
each other. The various mean-field calculations nevertheless
may result in very different neutron skins for a particular
nucleus, e.g., 208Pb. In the following we will show that
a given class of mean-field calculations reveal as well a
practically linear correlation between the pygmy strength and
the neutron-skin thickness in a given nucleus, and thus, also
with the symmetry energy parameters.

For this purpose, we have carried out a series of fully
self-consistent RHB model [26] plus RQRPA [14] calculations
of ground-state properties and dipole strength distributions. A
set of density-dependent meson-exchange (DD-ME) effective
interactions [27] has been used, for which the parameter
a4 is systematically varied in the interval 30 MeV � a4 �
38 MeV in steps of 2 MeV, while the remaining parameters
are adjusted to accurately reproduce nuclear matter properties
(the binding energy, the saturation density, the compression
modulus, and the volume asymmetry) and the binding energies
and charge radii of a standard set of spherical nuclei [27]. For
open-shell nuclei, pairing correlations are also included in the
RHB+RQRPA framework and described by the pairing part
of the Gogny force. The consistent calculation of ground-
state properties and dipole strength distributions, using the
same effective interaction, provides a direct relation between
symmetry energy parameters and the predicted size of the
neutron skin and the pygmy strength such as shown for
130,132Sn in Fig. 3.

In a first step, we inspected the correlation of the neutron-
skin thickness in 208Pb with the a4 and po parameters, the
latter extracted from the density dependence of the symmetry
energy around saturation density. We observe an almost linear
correlation in both cases and, moreover, these correlations
perfectly match the systematics from other mean-field calcu-
lations shown in Figs. 7 and 11 of [6].

In a second step, the calculated B(E1) distributions for
130,132Sn resulting from the different DD-ME parametrizations
were analyzed. In all cases, strength accumulations are found
below and clearly separated from the GDR spanning up to
11 MeV excitation energy. The structure of the low-lying
states exhibits quite a substantial degree of collectivity due to
transitions which involve mainly neutrons from weakly bound
orbits. In particular, from the RQRPA calculations for 132Sn we
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FIG. 3. Upper panels: Ratio of PDR to GDR strength for 130,132Sn
versus the symmetry-energy parameter a4 as resulting from RQRPA
calculations (solid lines). The dot-dashed and dashed lines indicate
the experimental PDR/GDR strength ratios with their errors and the
range of a4 values deduced from them. Bottom panels: Neutron-skin
thickness Rn − Rp versus a4 from RQRPA calculations. The dot-
dashed and dashed lines indicate the average a4 value and its errors
and the neutron-skin thicknesses deduced from it.

observe for the two largest states at 7.75 MeV and 8.59 MeV
that 10 and 13 neutron transitions contribute with more than
0.1% to the total RQRPA amplitudes, respectively. In the case
of 130Sn, the collectivity of the low-energy states becomes
enhanced further more due to the opening of the neutron shell
and the increased number of two-quasiparticle configurations
which contribute to the low-lying states. For the relevant
states at 7.97 MeV and 8.79 MeV, in total 15 and 32 neutron
two-quasiparticle configurations participate, respectively, with
more than 0.1% in the RQRPA amplitudes. In the case of both
Sn isotopes, for each low-energy state the share of neutron
transitions amounts to at least 90% of the RQRPA amplitudes
while proton transitions contribute to 3–10% only.

In Fig. 1, the B(E1) strength calculated with the particular
choice of a4 = 32 MeV is convoluted with the detector
response function and then compared with the experimental
data. The centroid of the calculated distribution is shifted by
about one MeV compared to the measured one. In Fig. 3 (upper
panels), the calculated B(E1) strength is integrated up to
11 MeV and, divided by that of the GDR, is shown as a function
of a4. By comparing the experimental values of the B(E1) ratio
with that of the RQRPA calculations, the symmetry energy
parameters were fixed. An average value of ā4 = 32.0 ±
1.8 MeV was obtained from the 130,132Sn analysis, which is in
good agreement with considerations presented in [27]. From
the a4 versus po correlation revealed in the RQRPA calculation,
see above, we deduced p̄o = 2.3 ± 0.8 MeV/fm3. The results
for ā4 and p̄o can be confirmed by performing similar RQRPA
calculations for 208Pb and comparing them with the ratio of
PDR strength measured in [19] to the GDR strength from [28];
the value a4 = 31 MeV deduced from these 208Pb data is
consistent with the one obtained for the Sn isotopes.

051603-3

In MF calculations the n-skin
thickness depends linearly on
the slope of the symmetry
energy at normal density. PDR
strength linearly depends on S.
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By comparing the strength ratio PDR/GDR for 132Sn and 130Sn
constraints are put on a4 and L :

a4 = 32.0 ± 1.8 MeV
L = 43 ± 15 MeV

This corresponds to a soft asy-EOS, with γ ∈ [0.4; 0.6]
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n, p collective flows

Flow observables expressed as the 1st and 2nd coefficients of the
Fourier expansion of the azimuthal distribution of particles:

dN
dφ (y ,pt ) = 1 + v1 cos (φ) + 2v2 cos (2φ)

v1 transverse flow⇒ azimuthal anisotropy of the transverse
nucleon emission.
v2 elliptic flow⇒ competition between in-plane and out-of-plane
emissions.
v2 > 0 in-plane emission favoured
v2 < 0 out-of-plane emission (squeeze-out)
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n, p collective flows
FOPI/LAND Data W. Trautmann et al. nucl-ex0907.2822

Au+Au@400 AMeV. Combined data for central and
mid-peripheral collisions.

is significantly larger in the asy-stiff case (upper panel) than in the asy-soft
case (lower panel) while the proton and hydrogen flows respond only weakly
to the variation of γ within the chosen interval.

Figure 2: Differential elliptic flow parameters v2 for neutrons (triangles) and hy-
drogens (stars, top panel) and their ratio (bottom panel) for central (b < 7.5 fm)
collisions of 197Au + 197Au at 400 A MeV as a function of the transverse momen-
tum per nucleon pt/A. The symbols represent the experimental data, the UrQMD
predictions for γ = 1.5 (a-stiff) and γ = 0.5 (a-soft) are given by the dashed lines.

The comparison of the combined data set for central and mid-peripheral
collisions with the corresponding UrQMD predictions for b < 7.5 fm shows
that the overall pt dependence is well described (Fig. 2, upper panel). As
expected from Fig. 1, the squeeze-out ratio is sensitive to the stiffness of
the symmetry energy (lower panel). A linear interpolation between the
predictions, averaged over 0.3 < pt ≤ 1.0 GeV/c, yields γ = 0.94 ± 0.21.
A smaller but within errors consistent value γ = 0.52 ± 0.30 is obtained
if the comparison is restricted to mid-peripheral impact-parameters 5.5 ≤
b < 7.5 fm [9]. Other systematic uncertainties have been found to remain
within ∆γ ≈ 0.2. Together with the kinetic term proportional to (ρ/ρ0)2/3,
the squeeze-out data indicate a moderately soft behavior of the symmetry
energy at supra-saturation densities.

Comparison with UrQMD (b < 7.5
fm, filtered FOPI/LAND), with 2 γ
values, 0.5 and 1.5. pt dependence
well described. n more sensitive to
asy-stiffness.
From the ratio v2,n/v2,h a linear
interpolation between predictions
gives γ ≈ 0.9± 0.3

New exp. CHIMERA/LAND to be performed in 2011 at GSI.
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Meson production at supra-saturation density
di Toro et al. PPNP 62 (2009)

RMF calculations for 1AGeV
Au+Au collisions (b=0)M. Di Toro et al. / Progress in Particle and Nuclear Physics 62 (2009) 389–401 397

Fig. 8. Time evolution of the∆±,0,++ resonances and pions π±,0 (left), and kaons K+,0 (right) for a central (b = 0 fm impact parameter) Au+Au collision
at 1 AGeV incident energy. Transport calculation using the NL,NLρ,NLρδ and DDF models for the iso-vector part of the nuclear EoS are shown. The inset
contains the differential K 0/K+ ratio as a function of the kaon emission time.

picture of the nuclear mean field, for the description of the symmetry energy at saturation (a4 parameter of theWeizsäecker
mass formula) (a) only the Lorentz vector ρ mesonic field, and (b) both, the vector ρ (repulsive) and scalar δ (attractive)
effective fields are included. In the latter case, a rather intuitive form of the Symmetry Energy can be obtained [12,13]

Esym =
1
6
k2F
EF
+
1
2

[
fρ − fδ

(
m∗

EF

)2]
ρB. (9)

The competition between scalar and vector fields leads to a stiffer symmetry term at high density [12,5].
We present, here, observable effects in the dynamics of heavy ion collisions.We focus our attention on the isospin content

of meson production. The starting point is a simple phenomenological version of the Non-Linear (with respect to the iso-
scalar, Lorentz scalar σ field) effective nucleon-boson field theory, the Quantum-Hadro-Dynamics [56]. According to this
picture, the presence of the hadronic medium leads to effective masses and momentaM∗ = M +Σs, k∗µ = kµ −Σµ, with
Σs, Σ

µ scalar and vector self-energies. For asymmetric matter, the self-energies are different for protons and neutrons,
depending on the isovector meson contributions. We will call the corresponding models NLρ and NLρδ, respectively, and
just NL as the case without isovector interactions. For themore general NLρδ case, the self-energies of protons and neutrons
read:

Σs(p, n) = −fσσ(ρs)± fδρs3,

Σµ(p, n) = fωjµ ∓ fρ j
µ

3 , (10)

(upper signs for neutrons), where ρs = ρsp + ρsn, jα = jαp + j
α
n , ρs3 = ρsp − ρsn, jα3 = j

α
p − j

α
n are the total and isospin

scalar densities and currents and fσ ,ω,ρ,δ are the coupling constants of the various mesonic fields. σ(ρs) is the solution of the
non linear equation for the σ field [12,5]. From the form of the scalar self-energies, we note that in n-rich environment the
neutron effective masses are definitely below the proton ones.
For the description of heavy ion collisions, we solve the covariant transport equation of the Boltzmann type within

the Relativistic Landau Vlasov (RLV ) method, using phase-space Gaussian test particles [57], and applying a Monte-
Carlo procedure for the hard hadron collisions. The collision term includes elastic and inelastic processes involving the
production/absorption of the∆(1232 MeV) and N∗(1440 MeV) resonances, as well as their decays into pion channels, [15].
Kaon production has been proven to be a reliable observable for the high density EoS in the isoscalar sector [58,59]. Here

we show that the K 0,+ production (in particular the K 0/K+ yield ratio) can be also used to probe the isovector part of the
EoS, [16,60].
Using our RMF transport approach we analyze pion and kaon production in central 197Au+ 197Au collisions in the

0.8–1.8 AGeV beam energy range, comparing models giving the same ‘‘soft’’ EoS for symmetric matter, and with different
effective field choices for Esym.
Fig. 8 reports the temporal evolution of∆±,0,++ resonances, pions (π±,0) and kaons (K+,0) for central Au+Au collisions

at 1 AGeV.
It is clear that, while the pion yield freezes out at times of the order of 50 fm/c , i.e. at the final stage of the reaction (and at

low densities), kaon production occurs within the very early (compression) stage, and the yield saturates at around 20 fm/c .
From Fig. 8 we see that the pion results are weakly dependent on the isospin part of the nuclear mean field. However, a

π−/π+, K +/K 0 ratios should
measure the N/Z of the dense
participant zone. Kaons should
be better probes, as pions are
produced (and re-absorbed) all
along the collision.
Larger expected effect of
asy-EOS on K +/K 0 than on
π−/π+.



Introduction

Statistical
framework

the EOS of
asymmetric
nuclear matter -
transport codes

Competition of
reaction
mechanisms

Isospin diffusion

n/p ratios

Isospin distillation

Neck
fragmentation at
Fermi energies

Neutron skin

Constraint on the
EOS at
supra-saturation
density

Summary

Supra-saturation density: K +/K 0
FOPI data X. Lopez et al. PRC75 (2007) 011901

96
44Ru+96

44Ru, 96
40Zr+96

40Zr @ 1.5AGeV
Same mass, different isospins.
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FIG. 3. (Color online) Experimental ratio (K+/K0)Ru/
(K+/K0)Zr (star) and theoretical predictions of the thermal model
(cross) and the transport model with three different assumptions
on the symmetry energy: NL (circles), NLρ (squares), and NLρδ

(triangles), for two sets of calculations: INM (open symbols)
and HIC (full symbols) (see text for more details). Statistic and
systematic errors are represented by vertical bars and brackets,
respectively.

NLρ (squares) and NLρδ (triangles) show the expectation
of the model including the vector part (ρ) and both vector
and scalar parts (ρ + δ) of the isovector mean field, which
correspond to a gradually stiffer symmetry energy [13,14,22].
The corresponding value of the symmetry energy is reported
on Fig. 3 (right part) for the INM case. HIC calculations were
performed explicitly for 96

44Ru + 96
44Ru and 96

40Zr + 96
40Zr systems,

while INM calculations were taken from Ref. [22].
The prediction of the thermal model is in perfect agreement

with the data. It is worth pointing out that the thermal model
calculations reproduce very well the measured values of the
single ratios of K+ and K0 in Ru and Zr systems [Eqs. (2)
and (3), respectively]. In the INM calculations, the system is
in equilibrium (chemical, thermodynamic, isospin) and with
a soft symmetry energy (NL, no isospin-dependent collision
term), the model prediction can be directly compared with the
thermal model calculation. As expected, both predictions are
in agreement. Furthermore, the transport model permits us to
vary the stiffness of the symmetry energy as it is shown in
Fig. 3 (right part). An increase of the (K+/K0)Ru/(K+/K0)Zr

ratio as a function of the symmetry energy is observed for both
the INM and the HIC calculations. With the INM scenario,
a large enhancement (∼70%) is predicted when going from
a soft (NL) to a stiff (NLρδ) EOS. The comparison with

the experimental point shows that our result is in favor of
a soft symmetry energy. The isospin dependence, however, is
dramatically reduced when treating the EOS within transport
model calculations. Taking into account the experimental
errors, the measurement does not permit us to distinguish
between the three different assumptions introduced in the HIC
scenario. The sensitivity on the isospin dependence of this ob-
servable is reduced to 5% between the two most extreme cases
(NL and NLρδ). In contrast to the static INM calculations,
the HIC scenario exhibits two important dynamical effects:
fast neutron emission (mean field effect) and transformation
of neutron into proton in inelastic channels (no-chemical
equilibrium). This appears to be the major reason for the
reduction of the isospin effect on kaon ratios. Finally, for kaons
measured at threshold energy from systems with asymmetry
parameters differing by a factor of 2, the isovector contribution
in nucleon-nucleon interaction influences very marginally the
relative yields of K+ and K0. Recent theoretical calculations
[37] suggest that a measurement of the double ratio at lower
energies and with systems exhibiting a large difference in
their asymmetry might increase the sensitivity on the isospin
dependence of kaon production. On the experimental side,
measuring a sample of kaons with sufficiently high statistics
at subthreshold energies will be a considerable challenge.

In summary, we have reported the first measurement of the
relative production yield of K+ and K0 mesons in Ru + Ru
and Zr + Zr systems at a beam kinetic energy of 1.528A GeV
which is close to the kaon production threshold.

The experimental (K+/K0)Ru/(K+/K0)Zr ratio is com-
pared to a thermal model and a model based on the relativistic
mean field theory using three different assumptions on the
symmetry energy and two different collision scenarios. The
measurement is in good agreement with the predictions of
the thermal model and of the RMF model for infinite nuclear
matter with a soft symmetry energy. The RMF model for
a collision system (HIC) shows a similar agreement with
the data, but the sensitivity to the symmetry term decreases
by more than one order of magnitude. Within the model
described above, the isovector contribution of nucleon-nucleon
interaction influences weakly the relative yields of kaons
measured at threshold energy and for systems differing in
the asymmetry term by a factor of 2. A good understanding
of this phenomenon together with the present measurement
will have a strong impact on designing new experiments
aiming at the isospin dependence of the nuclear equation of
state.

We are grateful to C. Fuchs, H. H. Wolter, and M. Di Toro for
providing us model calculations and for intensive discussions.
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0, and agreement between GSI and IN2P3/CEA.
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Calculations = RMF of the Catania group.
At that energy, and in view of the large experimental error bars, no
information on Esym can be obtained.
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π−/π+ Soft asy-EOS at supra-saturation
density ?
FOPI data Reisdorf et al. NPA 781 (2007) 459

Central collisions, estimated density 2ρ0

data, the IBUU04 model has had modest successes so far
[6]. While the NSCL/MSU isospin diffusion data [32]
allowed us to limit the Esymð�Þ at subsaturation densities

to be between that with x ¼ 0 and x ¼ �1 [33,34], the
same model parameter sets underpredict [35] significantly
the double neutron/proton ratio of Ref. [36]. Nevertheless,
it is interesting to mention that the above limited range of
the Esymð�Þ for � � �0 is consistent with that extracted

very recently from analyses using the ImQMD (Improved
QMD) model which can reproduce both the isospin diffu-
sion data and the double neutron/proton ratio simulta-
neously [37]. It is also worth noting that the APR
prediction for the Esymð�Þ at subsaturation densities lies

right between that with x ¼ 0 and x ¼ �1.
Among the most sensitive probes of the Esymð�Þ at

suprasaturation densities proposed in the literature [6],
the ��=�þ ratio in heavy-ion collisions is particularly
promising. Qualitatively, the advantage of using the
��=�þ ratio is evident within both the �ð1232Þ resonance
model [38] and the statistical model [39] for pion produc-
tion. Assuming only first chance inelastic nucleon-nucleon
collisions produce pions and neglecting their reabsorp-
tions, the � resonance model predicts a primordial
��=�þ ratio of ð��=�þÞres � ð5N2 þ NZÞ=ð5Z2 þ
NZÞ � ðN=ZÞ2dense, where the N and Z are neutron and

proton numbers in the participant region of the reaction.
The ��=�þ ratio is thus a direct measure of the isospin
asymmetry ðN=ZÞdense of the dense matter formed. The
latter is determined by the Esymð�Þ through the dynamical

isospin fractionation [40], namely, the high (low) density
region is more neutron-rich (poor) with a lower Esymð�Þ at
suprasaturation densities. Since effects of the Esymð�Þ are
obtained mainly through the corresponding nuclear mean-
field which dominates the dynamics of heavy-ion reactions
at relatively low energies, based on the resonance model
one thus expects the ��=�þ probe to be most effective at
beam energies near the pion production threshold E�

th �

300 MeV. On the other hand, assuming pions have gone
through multiple production-reabsorption cycles and
reached thermal-chemical equilibrium, the statistical
model predicts that ��=�þ / exp½2ð�n ��pÞ=T� ¼
exp½8�Esymð�Þ=T�, where T is the temperature. Thus, in

this model the ��=�þ ratio measures directly the Esymð�Þ
at the pion freeze-out. Meanwhile, at energies much higher
than the E�

th where pions are abundant, the reaction dy-

namics is dominated by scatterings among all hadrons
instead of the nuclear mean-field [41]. Therefore, one
expects that the ��=�þ probe becomes less effective at
very high energies where other observables, such as, the
neutron-proton differential flow [42,43], may be more
useful for probing the high density Esymð�Þ. More quanti-

tatively and realistically compared to the above two ideal-
ized models, several hadronic transport models have shown
consistently that the ��=�þ ratio is indeed sensitive to the
Esymð�Þ [43–45] especially near the E�

th. Moreover, by

varying separately the Esymð�Þ at sub and suprasaturation

densities in IBUU04 simulations we found that the��=�þ
ratio in collisions near the E�

th is much more sensitive to the

variation of the Esymð�Þ at suprasaturation rather than

subsaturation densities.
Recently, Reisdorf et al. studied systematically the

��=�þ ratio in 40Caþ 40Ca, 96Ruþ 96Ru, 96Zrþ 96Zr,
and 197Auþ 197Au reactions using the FOPI detector at
SIS/GSI [29]. Their ��=�þ data are the most extensive
and accurate ones available in the literature, thus providing
us the best opportunity so far to extract the Esymð�Þ at

suprasaturation densities.

FIG. 1 (color online). Density dependence of nuclear symme-
try energy predicted by APR, used in IQMD and the present
work (MDI).
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FIG. 2 (color online). The ��=�þ ratio as a function of the
neutron/proton ratio of the reaction system at 0:4A GeV with
the reduced impact parameter of b=bmax � 0:15. The inset is
the impact parameter dependence of the ��=�þ ratio for the
96Ruþ 96Ru reaction at 0:4A GeV.
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Shown in Fig. 2 are the calculated ��=�þ ratios in
comparison with the FOPI data at 0:4A GeV with the
reduced impact parameter b0 � b=bmax � 0:15 as a func-
tion of the neutron/proton ratio of the reaction system. The
inset shows the ��=�þ ratio as a function of b0 for the
96Ruþ 96Ru reaction at 0:4A GeV. It is seen that both the
data and the calculations exhibit very weak b0 dependence
for the ��=�þ ratio, even for midcentral reactions where
we found that the multiplicities of both �� and �þ vary
appreciably with the b0. For the symmetric 40Caþ 40Ca
and the slightly asymmetric 96Ruþ 96Ru reactions, calcu-
lations using both x ¼ 1 and x ¼ 0 can well reproduce the
FOPI data. Interestingly, for the more neutron-rich reac-
tions of 96Zrþ 96Zr and 197Auþ 197Au calculations with
x ¼ 0, 0.5 and 1 are clearly separated from each other. The
FOPI data favor clearly the calculation with x ¼ 1. As
shown in Fig. 1, with x ¼ 1 the Esymð�Þ at � � 2�0

reached in the reaction is very small, leading to a rather
high N=Z in the participant region and thus the larger
��=�þ ratio observed. For comparisons, the IQMD result
from Ref. [29] is also shown. As seen in Fig. 1, the Esymð�Þ
used in the IQMD, the MDI Esymð�Þ with x ¼ 0 and the

APR prediction are all very close to each other for �0 <
� � 3�0. Thus, not surprisingly, the ��=�þ ratios from
the IQMD and the IBUU04 with x ¼ 0 are very close, too.
Moreover, they both grow approximately according to the
scaling ��=�þ � ðN=ZÞ2 predicted by the �ð1232Þ reso-
nance model but fall far below the FOPI data. Our calcu-
lations with varying values of x indicate that a strong
symmetry potential is at work at this energy as one expects.
While not perfectly reproduced by our calculations even
with x ¼ 1, the FOPI data suggest unambiguously that the
Esymð�Þ is rather soft at supra-saturation densities com-

pared to the APR prediction.
Since the most central Auþ Au collision is most sensi-

tive to the Esymð�Þ among the reactions considered here,

we now turn to the excitation functions of the pion yield
and the ��=�þ ratio in these reactions. Figure 3 displays
the excitation function of the pion multiplicity per partici-
pant M�=Apart. In order to compare with the data directly,

the total pion multiplicity is obtained from the charged
pions only by using 1:5ðM�� þM�þÞ and the number of
participants is calculated from 0:9Asys where Asys is the

total mass of the colliding system as done in the data
analysis [29]. It is seen that the results of the calculations
are in reasonably good agreement with the available data.
We notice here that, unlike the ��=�þ ratio which has the
advantage of reducing significantly not only systematic
errors but also effects of isoscalar nuclear potentials, the
pion yield also depends appreciably on the EOS of sym-
metric nuclear matter [29,38]. The inset illustrates the time
evolution of the central density with the maximum value
varying from about 2:2�0 to 3:5�0 for the beam energy
from 0.25 to 1:2A GeV.

Shown in Fig. 4 are the excitation functions of the
��=�þ ratio calculated with the IBUU04 and the IQMD

in comparison with the FOPI data. First of all, the decreas-
ing trend of the ��=�þ ratio with the increasing beam
energy is well reproduced by all calculations. Most inter-
estingly, IBUU04 calculations with x ¼ 1 can best de-
scribe the FOPI data over the whole energy range.
Moreover, the ��=�þ ratio is more sensitive to the
Esymð�Þ at lower beam energies as expected.

Putting together all available information, we infer that
the Esymð�Þ reaches a maximum somewhere between �0

and 2�0 before it starts decreasing at higher densities. This
indicates the importance of the development at NSCL/
MSU [46] and RIKEN [47] of Time Projection Chambers
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FIG. 3 (color online). Excitation function of the pion multi-
plicity per participant M�=Apart in the most central Auþ Au

collisions. The inset shows the time evolution of the central
density.
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Result discriminant for heavier systems, near the π threshold: a
very soft asy-EOS is favoured.
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How to go further?
Some suggestions

1 Experimentally
Improve detection to get A and Z over a much larger Z range,
and Ω
New experiments to better constrain evaporation codes
new RIBs
High statistics experiments

2 Theoretically
Implementation of predictive EOS (EDF)
Analyze the results of calculation in the same way as the data
Compare codes with all existing data
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